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ABSTRACT

This paper presents the development of a robust distributed and cooperative control algorithm for formation
tracking by teams of vehicles modeled as double integrators, and exemplifies its use through the application
to multirotor vehicles. To achieve coordination between the vehicles in a distributed manner, in the sense that
only local information is either exchanged or perceived, consensus-based protocols are considered. Consensus
protocols for agents modeled with up to three integrators are presented, and the third-order protocol is
analyzed under any time-invariant sensing or communication topology. The analysis seeks to determine exact
bounds on the coupling gains of the protocol that lead to convergence. To that end, an extension of the
Routh-Hurwitz criterion to polynomials with complex coefficients is used, leading to novel necessary and
sufficient conditions for convergence. Moreover, these novel bounds turn out to be a generalization of the
ones described in the literature for second-order consensus, as the latter can be recovered as a special case.
The effect of disturbances acting upon the agents is also analyzed and related to their ability to achieve robust
consensus in the sense that bounded disturbances do not lead to instability. Further results are derived for
the case of constant disturbances, a special case that is particularly relevant for formation control. The third-
order consensus protocol is then explored to incorporate integral action in a formation tracking controller
used for double integrator vehicles and thereby enable constant disturbance rejection. Finally, experiments
resulting from the application of the proposed control algorithms to multirotor vehicles are presented, in
order to validate the analysis and demonstrate the usefulness of this approach.

1. Introduction

Formation control is an important topic of research in the coordi-
nated motion of multiple unmanned autonomous vehicles. Moving in
formation can have several advantages on the overall system, such as
increased redundancy and robustness, and reduced cost. However, this
problem presents several challenges, mainly related to the lack of total
information by each agent, but also to the desire to use a decentralized
approach. In decentralized approaches, each agent makes its own deci-
sions based solely on local information, therefore a central controller,
coordinator or supervisor does not exist, making the problem more
challenging. Despite the challenges, a decentralized approach is still
the one that presents more potential applications, since it provides
scalability and robustness to the system.

A survey on the topic of multi-agent formation control can be found
in the work by Oh et al. (2015). There, the authors divide the formation
control approaches into three categories, based mainly on the amount
of interactions needed and on the sensing capabilities of the vehicles.
These categories are the position-, displacement-, and distance-based
approaches. The position-based approach considers that each agent has
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access to measurements in the inertial frame (e.g. absolute position
measurements). In this case, each agent can be equipped with a control
law to drive its position to a desired position, thus achieving the
prescribed formation without the need to interact with others. This is,
however, the most demanding approach in terms of the sensing capa-
bility of each agent. The displacement-based approach considers that
the vehicles can only measure relative quantities (e.g., measurement of
the relative position or displacement to another vehicle), and that they
have a common reference for orientation. More interactions between
agents are thus required in order to overcome the reduced sensing capa-
bility. For agents modeled as single integrators, this approach is studied
under directed interaction topologies, for example, by Ren et al. (2004),
considering consensus-based protocols. For the case of agents modeled
as double integrators, it was studied, for example, by Ren and Atkins
(2007) and Han et al. (2017). Finally, in the distance-based approach,
it is assumed that agents only have access to relative measurements
and do not share a sense of orientation. Formations are stabilized
based only on the distance between the agents, not accounting for the
orientation of the formation. This approach is the less demanding in
terms of sensing capability of the agents. However, it requires the use
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Fig. 1. Two Intel Aero Ready To Fly quadrotors flying.

of more elaborate control laws. It is commonly studied under the use
of gradient control laws, which are defined using artificial potential
fields. For single integrator modeled agents, it has been studied by Krick
et al. (2008) and V. Dimarogonas and Johansson (2008), and for double
integrator modeled agents by Oh and Ahn (2014). An example of a
different approach is the bearing-based formation control, described for
example in the works by Zhao and Zelazo (2017), Ahn (2020) and Tang
et al. (2021).

In this work, it is assumed that the vehicles have access to mea-
surements of their orientation, and therefore, a displacement-based
approach is considered, in which consensus protocols are typically used
to achieve coordination between the vehicles in a distributed manner.
The consensus problem, as the name entails, consists of driving a group
of agents, over a network, to an agreement on some value, considering
that only local information is exchanged or perceived. A body of work
has been dedicated to the displacement-based approach, following the
groundbreaking results presented in the works by Fax and Murray
(2004), Ren et al. (2004), Olfati-Saber and Murray (2004) and Ren and
Atkins (2007). The work by Ren et al. (2004) is an example of this
approach applied to vehicles modeled as single integrators. However,
a wide variety of vehicles are modeled with second- or higher-order
models. For that reason, consensus protocols for agents modeled by
multiple integrators have been proposed in the literature. Second-
order algorithms are well studied and can be applied, for example, to
vehicles actuated on acceleration. These were proposed and analyzed,
for example, by Ren and Atkins (2007), and later addressed with further
detail by both Zhu et al. (2009) and Yu et al. (2010). The work
by Ren and Atkins (2007) analyzes the convergence of a second-order
consensus protocol and introduces a sufficient condition for consensus,
given by a graphical condition and a conservative bound on a cou-
pling gain. A non-conservative bound is later introduced by both Zhu
et al. (2009) (which studies a general form second-order consensus
algorithm) and Yu et al. (2010) (which also focuses on determining
an upper bound on the input delay for which consensus is achieved),
achieving a necessary and sufficient condition for consensus.

Several developments, such as the works by Ren et al. (2006), Ren
et al. (2007), Mukherjee and Zelazo (2019) and Tegling et al. (2019),
also approached higher-order protocols. In one of these works (Ren
et al., 2007), the authors introduced a protocol for higher-order agent
dynamics and claim that there exists a set of coupling gains for the
proposed consensus protocol that leads to convergence, but make no
further description on how these parameters influence the convergence.
It was only more recently that some works, such as the ones by Cao and
Sun (2014) and Huang et al. (2018), focused on third-order algorithms
specifically. The work by Cao and Sun (2014) studies third-order con-
sensus for the case of undirected graphs. More recently, Huang et al.
(2018) consider directed graphs, and attempt to extend the second-
order results presented by Yu et al. (2010) to triple integrator agents,
but do not provide exact bounds on the coupling gains that lead to
consensus.
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Considering the importance of developing robust control algorithms
for the coordinated motion of multiple unmanned autonomous ve-
hicles, this work seeks to develop distributed control algorithms for
formation tracking, and validate the devised solutions by exemplify-
ing their application to multirotor vehicles (see Fig. 1). Vehicles are
complex systems, and their dynamical models are subject to errors and
parameter uncertainties that can be perceived as disturbances to the
nominal system that is being considered. When vehicles are modeled as
double integrators, a third-order consensus protocol, in contrast with a
traditional second-order protocol, enables the use of integral action in
the formation controller, which enhances the system with the ability
to reject constant disturbances. This can be of paramount importance
in some scenarios, and is particularly useful for multirotor vehicles. For
this reason, a third-order consensus protocol is considered in this work.
Nonetheless, to overcome the gaps in the literature that is provided,
for example, in the works by Cao and Sun (2014) and Huang et al.
(2018), the third-order consensus protocol must be analyzed further.
Namely, it is necessary to deepen the analysis regarding robustness and
convergence conditions.

This paper presents an analysis of a third-order consensus protocol,
providing necessary and sufficient conditions for convergence by deter-
mining the exact bounds on the coupling gains that lead the group of
agents to consensus. These bounds provide novel criteria for the third-
order consensus protocol and turn out to be a generalization of the ones
described in the literature for second-order consensus, in the sense that
the latter can be recovered as a special case. The effect of disturbances
on the overall convergence of the system is also evaluated, with special
focus on constant disturbances. The results are applied to the formation
control problem in order to introduce integral action in the controller
for vehicles modeled as double integrators. To conclude the analysis,
the inclusion of goal seeking terms is studied.

Abbreviated statements, without proofs, of some of the results de-
tailed in this paper were previously presented by the authors (Trindade
et al.,, 2020). This paper includes the proofs that were previously
omitted, furthers the analysis concerning robustness in the presence
of bounded disturbances and constant disturbances, and enhances the
results concerning goal seeking terms.

The remainder of this paper is organized as follows. Section 2
presents the relevant notation, as well as some concepts of graph
theory, important in the context of this paper. The problem statement
is given in Section 3 and then, in Section 4, the consensus protocols of
interest are introduced, followed by a convergence analysis and some
illustrative examples. Section 5 details the application of the previously
introduced consensus protocols in the development of the formation
tracking controller, also followed by an example that illustrates these
results. Section 6 describes the application of the proposed algorithms
to multirotor vehicles for experimental validation and presents the
results. Finally, concluding remarks are provided in Section 7.

2. Preliminaries
2.1. Notation

The notation used throughout this paper is introduced here. Vectors
are set in lower case bold and matrices in upper case bold. The set of
real numbers is denoted by R, the subset of positive real numbers is
denoted by R*, and the set of real numbers except zero, i.e. R\ {0}, is
denoted by R,. The set of complex numbers is denoted by C, and for
a complex number z € C, Re(z) denotes its real part and Im(z) denotes
its imaginary part. The m-dimensional Euclidean space is denoted by
R™, and ||x||, denotes the /,-norm of a vector x € R". For p = 2 (the
Euclidean norm) only ||x|| is used. The dot notation is used to define
the time derivative (as in x), and the number of dots its order (e.g. X
denotes the second time derivative). The nxn identity matrix is denoted
by I,, and 0,,, denotes an n X m matrix of zeros (when it is possible
to infer on the dimensions, only 0 is used). Also, 1, denotes the n x 1
vector of ones, X = 17x/n denotes the average of the entries of a vector
x € R", and ¢; € R” is the vector with one in the ith component and
zeros elsewhere. Finally, the symbol ® denotes the Kronecker product.
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2.2. Graph theory

When working with multi-agent systems, the communication net-
work is typically described using graph theory.

Definition 1. A directed graph G, usually abbreviated to digraph,
consists of a pair of sets (V,.4), where V is a non-empty finite set of
vertices, and A € V? is a finite set of ordered pairs of vertices, called
arcs.

An excellent and self-contained exposition on the theory of digraphs
considered in this work is provided by Veerman and Lyons (2020).
Some of the notation and terminology used here is borrowed from that
work. There, the authors consider undirected graphs as a specific case
of digraphs, where the main difference is that, in the case of undirected
graphs, arcs are unordered pairs of vertices. For that reason, definitions
are provided for digraphs only.

An arc, connecting a vertex i to j, will be denoted by i — .
Informally, for an arc i — j, one says that i sends information to j,
or that j “sees” i. A digraph is said to be simple if it does not contain
self-loops (vertices that see themselves). The set NV; C V of vertices seen
by i (excluding itself) is called the neighborhood of i, and Vg4 C V is
the set of vertices that see themselves (have a self-loop). If a digraph is
weighted, the weight associated to an arc i — j is denoted by k;._; € R.
When there is an arc i — j, then k;_; > 0, and when there is no
arc, k;; = 0. These weights can be used to describe, for example,
the strength of the interactions between agents, or their capability to
exchange information. If the digraph is not weighted, then all weights
associated to arcs in the digraph are considered to be one.

Definition 2. A directed path is an ordered sequence of arcs, connect-
ing two distinct vertices in the digraph. Then:
(i) A digraph has a spanning tree when there is at least one vertex
that has a directed path to all others.
(ii) A digraph is strongly connected when for any pair of vertices
there is a directed path from one vertex to the other.

Definition 3. Consider a digraph G with n vertices. Then:
(i) The (directed) Laplacian matrix L = [}, j] € R™" is defined as

lij=—kijfori#j,and l;; = =3 ;1.

(ii) The generalized Laplacian matrix £ is defined as £L = L + S,
where § = ZIEVS k;_;e;e] is a diagonal matrix of self-loop
weights.

The Laplacian matrix has some relevant properties, such as null
row sum, meaning it has at least one null eigenvalue with eigenvector
1,. The following results present some relevant properties of both the
Laplacian and the generalized Laplacian matrices.

Lemma 1 (Ren et al,, 2004). The Laplacian L of a digraph G has a single
null eigenvalue and all other eigenvalues have positive real part if and only
if the digraph has a spanning tree.

Proposition 1. All eigenvalues of the generalized Laplacian L of a digraph
G = (V, A) that has a spanning tree have positive real part if and only if
one of the vertices with a directed path to all others has a self-loop.

Proof. The proof is presented in the Appendix B. []
3. Problem statement

The problem at hand consists in the development of a distributed
and cooperative control algorithm to enable a team of n vehicles to
track a time-varying formation and converge to their desired position
in space. It is assumed that the desired position for each vehicle i is
given as a function of time, i.e., a trajectory p?(l) € R? is defined for
all + > 0, with known and continuous first and second time derivatives.
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As previously stated, dynamical models for vehicles are subject to
errors and parameter uncertainties that can be perceived as distur-
bances to the nominal system that is being considered. It is with that
in mind that each vehicle is modeled by

{Pz =V ’ o)
vi=u; +d;

where p,,v; € R® denote the position and velocity of the ith vehicle,
respectively, u; € R? is the control input of the vehicle, in this case, its
acceleration, and d; € R? is an unknown disturbance acting on the ith
vehicle.

Let p;; :=(p; — p,) and p?j =l - p}i) denote the relative position
and the desired relative position of vehicle i with respect to vehicle
Jj, respectively. In order to track a prescribed formation, the goal is
to have p; NORS p?j(t) — 0 as t — oo. The vehicles should also seek
to asymptotically reach their desired position in space, i.e., to have
p;(1) — p;’(t) — 0 as t — oo. However, each vehicle is considered to
have limited information about the complete system. More specifically,
it is assumed that each vehicle has access to the relative position and
velocity of some of the other vehicles (its neighbors), and only a limited
set of vehicles has information about its own position and velocity.

4. Consensus protocols

Here, consensus protocols used for distributed coordination of mul-
tiple agents, communicating over a network described by a digraph
G = (V,A), are introduced. Firstly, consensus protocols for agents
with single and double integrator dynamics, previously described in the
literature, are presented. Then, a consensus protocol for agents with
triple integrator dynamics is introduced, followed by an analysis of its
convergence properties.

4.1. Single and double integrator dynamics

Consider a group of n agents, each described by the single integrator
dynamics

ﬁi = Hi» ()
with g;, u; € R, where y; is the control input of the agent. Recall that
if j ¢ W, (i.e., j is not seen by i), then by definition, ki—; = 0. The
consensus protocol for this system is given by

w== 3 kicy (Bi=8)) == X kicy (B~ ))- @)
JEN, #i

The goal of protocol (3) is to guarantee that consensus is achieved,
ie, |p;— B;| - 0 ast— co. Note that each agent i only needs to know
the difference between its state and the state of its neighbors, (8; — B))s
and does not need to know its absolute state. Moreover, note that (3)
can be written in vector form usingr the Laplacian L of the digraph ¢,
as uy = —Lp, where g = [, - f,] €R"and p = [u) - u,|] €R"
Therefore, the feedback actuated system becomes = —Lf. As shown,
for example, by Ren et al. (2004), the existence of a spanning tree on
the digraph which describes the interaction topology is a necessary and
sufficient condition for achieving consensus when agents are modeled
as single integrators.

Consider now a group of n agents modeled as double integrators,
ie.,

{"?’zﬂ" , @
Bi = u

with a;, f;, 4; € R, where y; is the control input of the ith agent. For
this system, the consensus protocol

==Y ke by (= 8) + (0 - )] ©
JEN;
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where y € R* is a coupling gain, was proposed, for example, in the
work by Ren and Atkins (2007). The goal of protocol (5) is to achieve
consensus, i.e., |¢; —a;| —» 0 and |f; — f;] —» 0 ast — oco. Note
that (5) can be written in vector form as u = —yLp — La, where
a=a —a) €R,p=[p - 4] €R,and u=[u - ] €R".
Thus, the feedback actuated system can be written as

-

with G : Rk 5 R2kX2k where

0 I
GK) := [_K _ykK] .

Ren and Atkins (2007) have shown that, unlike the single integrator
case, the existence of a spanning tree is not a sufficient condition
for reaching consensus. The same work then introduces a sufficient
condition in the form of a conservative bound on the coupling gain
y of protocol (5). Later, the work by Yu et al. (2010) provides an exact
bound on y that guarantees that the agents reach consensus, which is
reproduced here for completeness.

Proposition 2 (Yu et al, 2010). The protocol (5) reaches consensus
asymptotically if and only if the digraph which describes the interaction
topology of the agents has a spanning tree and

2 > max Im(ni)z
" Re(n,) (Re(n,) +1m(n,)*)

where n; represents the ith eigenvalue of L.

4.2. Triple integrator dynamics

Consider now that each agent is described by

9:‘ =
a=p @
ﬁi = Hi

with 6;,a;, B;, u; € R, where y; is the control input of the ith agent. For
this system, consider the consensus protocol

pi=— 3 kicylr (Bi=5;) + (qi—a;) + £ (6,-0))]., ®)
JEN;

where y € Ry, and { € R, are coupling gains. Note that no

assumptions are made on the sign of y or ¢, as convergence conditions

will be derived later on. In order to achieve consensus, the goal is to

have |0, - 0;| = 0, |@; —a;| — 0, and |f; — f;| = 0 as 1 — co. Note that,

in vector form, (8) can be written as

u=—-yLB—-La - L0, ()

with0= [0 - 6,]' €R, a=[a; - qa,] €R",B=[4 - p,| R,
and p = [u - y,,]T € R". Therefore, for the third-order dynamics, the
feedback actuated system can be written as

x = H(L)x (10)
withx := [07 «T ﬁT]T and H : RFk — R303k where
0 I, 0
HK) :=[ 0 0o 1, |
K -K —K

or, in compact form,
0(t) = -L (y0@) + 6(t) + £0(1)) .
Remark 1. In the protocol (8), as well as in the protocol (5), there is

no coupling gain for ¢;. This introduces no loss of generality, since the
effect of such a gain can be encapsulated in the digraph by scaling the
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weights k;_; and then adjusting y and ¢ accordingly. More concretely,
consider that, in contrast with (9), one writes

pu=-yLp—pLa - (L0,

where p € R* would be a coupling parameter for ;. Defining L := pL,
7 :=y/pand ¢ := ¢ /p, this becomes

u=-yLp—La-?L6,

and the shape of (9) is recovered. Note that L is associated with the
same digraph as L, with the weights k,._; scaled by the factor p.

4.3. Convergence analysis

Now that the relevant consensus protocols have been introduced,
focus is turned to the analysis of the stability properties of the proposed
third-order consensus protocol (8) and its ability to achieve consensus.
To do so, some concepts are first introduced. Let J be the real Jordan
form of L, such that L = VJV-!. Note that L has at least a null eigen-
value associated with the eigenvector 1, and, according to Veerman
and Lyons (2020), the algebraic and geometric multiplicities of the null
eigenvalues are equal. Therefore, and without loss of generality, J and
V can be written as
J= [g e and V=[v, - v,],

where J* € RO-DX0-D and v, € R", k = 1,...,n, with v; = 1,. Also,
let V7! = [w; - w,,]T, where w, € R", k = 1,...,n. Let w; = r and
note that, since V'V =1,, thenr'1, = 1, and w/1, =0, k =2,...,n.
Furthermore, r is known to be a non-negative vector (i.e., all its entries
are non-negative).

Proposition 3. Consider the map H defined previously, with y,{ € R.
The pair (4,v) is an eigenpair of HK) if and only if v=[u’ iu’ /lzuT]T
and A is a root of 2>+ (y A2 + A+ {)n = 0, where (n,u) is an eigenpair of K.

Proof. Considering v=[v] v] v;]T, it holds that

AV =V, (a)
Av=HEK)V & { v, = v3 (b) . an
Avy = —(Kv,—Kv,—yKv; (c)

Applying the first equation to the second yields v; = 4v,. Applying
this, together with (11a), to (11c) yields

By =-(C+a+722)Ky,.

It follows that v, is an eigenvector of K. Choosing v, = u such that
Ku = 5u, one finally obtains 4> = —(¢ + 4 + y4%)n, which concludes the
proof. [

Considering the result introduced in Proposition 3, the eigenvalues
of H(L) can now be related with the eigenvalues of L. More concretely,
if , € C, i = 1,...,n are the eigenvalues of L, then the roots A
Jj=1,2,3, of h(A) = 0 with

ijs

h(A) = B+ @A+ A+ Oy

are the three eigenvalues of H(L) associated to #;. It is straightforward
to conclude that #;, = 0 implies that 4;; = A, = A3 = 0, i.e., for each
null eigenvalue in L there are three null eigenvalues in H(L). Moreover,
since by definition ¢ # 0, it is possible to conclude that 4 = 0 is a root
of h;(4) only if n; = 0. Therefore H(L) has exactly three null eigenvalues
for each null eigenvalue of L.

Consider the Lyapunov transformation described by

o- =V :=[or - 67"
o =Vig:=[a}f .. a:]T . 12)
B =vp =5 - ]



P. Trindade, P. Batista and R. Cunha

Now, note that
0=VO" =0{1,+0v,+ - +00v,. 13

Furthermore, note that v, k = 1, ..., n, are linearly independent vectors
(V is invertible). To reach consensus one must have 6 — 1,0.(7).
Therefore, it is possible to conclude that 6,(r) = 07 and consensus is
reached if and only if 0;" — 0, with 9;,” = [0; . QZ]T. Bear in mind
that 07(¢) corresponds to the consensus value and Gzn can be regarded
as a transformed consensus error.

Conditions on the eigenvalues of H(L) that allow for achieving
consensus are now presented. A similar version of the result that
follows was stated by Ren et al. (2007). Nonetheless, a proof is hereby
presented for the sake of completeness. It is worth noting that it is
straightforward to extend this result to any number of integrators.

Lemma 2. Consider the consensus protocol (8) for agents modeled by triple
integrator dynamics (7). Consensus is achieved if and only if the matrix
H(L) has exactly three null eigenvalues and the remaining eigenvalues have
negative real part. More concretely, when reaching consensus (for large 1),

o) — 1,r" (9(0) + a(0)t + ﬁ(O)%) , 14

where r is the non-negative eigenvector of LT associated to the null eigen-
value, such that 1Tr = 1.

Proof. The third-order integrator dynamics (7) actuated by the con-
sensus protocol (8) are given by (10). Considering the previously
mentioned Lyapunov transformation, the new system dynamics are
given by

0% = a*

a* = f*

B =-Ja* —yJp* - ¢JO*

Now, consider the equivalent system description

i =0 @)
W . (15)
92,n = _J* (762,71 + 92,n + CGZM) (b)

Recall that consensus is reached when 6; .= 0. The solution of (15a)
gives

2
07(1) = 07(0) + a (O) + ﬂf(())%.

There are three null eigenvalues associated with the subsystem (15a).
To have Gz,n — 0, then the remaining eigenvalues of H(L) must have
negative real part. To show that (14) holds, note that when 9;,, - 0,
it follows that 6 — 1,07(x), and noting that 67 = r'6, a} = r'a, and

1
ﬂl* = rTﬁ7
2
or@ =r" <9(0) + a(0)t + ﬁ(())%) ]

The consensus values for @ and f can be obtained by taking the time
derivative. []

The result introduced in Lemma 2 provides conditions on the eigen-
values of H(L) for which the agents achieve consensus. This result will
now be used to obtain bounds on the coupling gains y and ¢ of the
protocol (8) that guarantee the agents converge to a consensus. More
specifically, exact bounds on the coupling gains are obtained, leading
to necessary and sufficient conditions for convergence.

Although not widely known, probably due to a lack of applications,
the extension of the Routh-Hurwitz criterion to polynomials with com-
plex coefficients has been around for several years now (Frank, 1946).
This extended criterion is explored here to determine conditions for
convergence of the third-order consensus protocol.
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Lemma 3 (Frank, 1946). A third degree polynomial with complex coeffi-
cients, of the form
P(A) = A% + (ay + byj) A2 + (ay + by j)A + (ag + by)),

with a;,b; € R, i =0,1,2, has all roots with negative real part if and only
if a, >0,

a ay 0 —=b 0

a, ay —b 1 a 0 =b =by
1 a =b|>0, and |0 ay a 0 —b|>0.
0 b a 0 b 0 a a,

0 b, b 1 a
The following result follows from Lemma 3 and will be essential in
proving the main result of the paper.
Lemma 4.
form

(D=2 +n(rA+4+¢),

A third-degree polynomial with complex coefficients, of the

where y,¢ € R and n € C, with Re(n) > 0, has all its roots in the open left
half-plane if and only if

1-¢2

sw,

o<i<[2 (/%)

where o, = |n| and & = Re() /w,.

Yy >

Proof. The proof is presented in the Appendix C. [J
The following theorem is the main result of the paper.
Theorem 1. The consensus protocol (8) for triple integrator agents

achieves consensus asymptotically if and only if the digraph which describes
the interaction topology of the agents has a spanning tree and

1-¢2
Siop,; @

i , a6)
. o [ 1-¢
0<¢< mlnnl#o |:§_; (}’ - m)] (b)

where w, = |n;| and &; = Re(n;) /@, represent the natural frequency and
damping coefficient, respectively, associated with the ith eigenvalue of L.

y > max, 4

Proof. From Lemma 2, the protocol (8) achieves consensus when H(L)
has exactly three null eigenvalues and the remaining eigenvalues have
negative real part. But H(L) has exactly three null eigenvalues if and
only if L has exactly one null eigenvalue. Thus, it follows from Lemma 1
that there must exist a spanning tree in the associated digraph. Without
loss of generality, let 5, =0 and #; € C, i =2, ...,n, be the eigenvalues
of L. Also from Lemma 1, it is known that Re(n,-) >0fori=2,..,n
Therefore, the result presented in Lemma 4 can be applied to the
third degree polynomial 4;(1) associated to an eigenvalue #; of L.
Finally, noting that all the roots of A;(4) associated with the non-null
eigenvalues #; of L must have negative real part, the conditions that
must be met are (16) and the proof is concluded. []

Remark 2. Note that it is straightforward to choose y and ¢ that satisfy
the conditions (16) presented in Theorem 1. Since (16a) only concerns
v, one can start by picking y to satisfy that lower bound (that is always
possible since the lower bound is a non-negative real number). Then
one can choose ¢ that satisfies (16b), with y fixed. If y satisfies (16a),
then the upper bound on ¢ is positive and the set of possible values for
¢, defined by (16b), is non-empty.

There are some particular cases of interest, in which all the eigen-
values of L are real. This is the case when, for example, the graph is
undirected. When the interaction topology follows a leader—follower
structure, all eigenvalues of L are also real (Fax & Murray, 2004).
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Corollary 1. If the non-null eigenvalues of L are real, then the third-order
consensus protocol (8) achieves consensus asymptotically if and only if the
digraph associated to the interaction topology has a spanning tree and

y>0 . (a) a7
0 < ¢ <miny 4o (yn;) (b)

where n;, i = 1, ..., n represents the ith eigenvalue of L.

Proof. When the non-null eigenvalues of L are real, by definition,
o, = |n| = n; and & = Re(n;) /o, = % = 1. Simple substitution in
the conditions presented in Theorem 1 yields the conditions for this
particular case. []

Remark 3. Note that the result described in Proposition 2 regarding
the consensus protocol (5), and presented by Yu et al. (2010), can also
be obtained from Theorem 1 as a particular case. In fact, when ¢ is set
to zero, the consensus protocol (8) degenerates into the protocol (5)
acting on the third-order integrator dynamics (7) and 6 becomes a pure
integrator. As a result, one has h;(1) = Ag;(1), where g;(4) := A>+yn; A+
plays the role of h;(4) for the second-order dynamics described in
(6). Note that, even though ¢ = 0 violates (16b), the requirement in
(16a) does not depend on ¢. Notably, g;(4) is Hurwitz if and only if
(16a) is fulfilled. In fact, (16a) corresponds to the condition presented
in Proposition 2, i.e., dropping the second requirement in (16) from
Theorem 1 yields the convergence conditions for the second-order
protocol (5).

4.4. Consensus in the presence of disturbances

The effect of disturbances is analyzed in this section. This analysis is
conducted for the case of agents modeled as triple integrators, however,
similarly to Lemma 2, it is straightforward to extend the results to any
number of integrators.

Consider now that each agent is described by

6 =,
& = p; . (1s)
ljl = Hi + dl

where d; € R is a disturbance acting on the ith agent, or equivalently,
in vector form, that 6 = p +d, where d = [d; -~ d,,]-r € R" represents
the disturbances acting on the system. Consider again the Lyapunov

transformation introduced in (12), and recall that V = [v, - v,| and
vlo= [w e wn]T, with v; = 1, and w; = r. Introduce W :=
[y - w,,]T and Q := [v, - v,], and note that the dynamics of 6*

for the feedback actuated system can now be written as

b =rTd @
Y : 19
6, =1 (8, +05,+¢6,) + Wd ()

with 65, = Wo = [0; ... 0;]T. As previously mentioned, it follows
from (13) that HT corresponds to the consensus value and Ozn can be
regarded as a transformed consensus error, meaning that consensus is
reached if and only if 67, — 0. More concretely, it is possible to write
0(1) = 1,8,(t) + 6(r) where 6,(r) = 07() = r6(») is the consensus value
and 0(t) = QG;n(t) is the consensus error. Furthermore, consider the
decomposition d = d1, + d, where d := (I, — 1,17 /n) d, and note that
Wd = Wd, because W1, = 0. Therefore, the dynamics (19b) can be
written as

% = HJ*)X + Bd, (20)

where B := [0 0 WT]T and % = (I, @ W) x.
The following result describes a sufficient condition for consensus
in the presence of disturbances.
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Proposition 4. The consensus protocol (8) for triple integrator agents
achieves consensus in the presence of the disturbances d if the entries of d
are all equal and the conditions presented in Theorem 1 are fulfilled.

Proof. Consensus is reached if and only if B;M — 0, which holds if and
only if the origin of (19b) is asymptotically/ exponentially stable. The
latter is true if the conditions described in Theorem 1 hold and Wd = 0,
or equivalently, d = 0, meaning that d = d1,. []

The following result holds when the disturbances are not all equal,
i.e., when d # 0, and shows that robust consensus can be achieved, in
the sense bounded disturbances lead to bounded consensus errors.

Proposition 5. If d(?) is bounded, i.e., ||d(?)| < D for dll t, and the
conditions from Theorem 1 hold, then the disturbances d lead to a bounded
consensus error and do not cause instability. Concretely, if ||d(?)|| » < D, for
some I ,-norm, then a bound is given by ||0(®)|, < z,(t), with

25 = IC 50l + ([ 1CT B, a5 ) 0,
where C=[Q 0 0].

Proof. When the conditions from Theorem 1 hold, the system de-
scribed by (20) is input-to-state stable with d as input. Therefore, if
(1Al » < D, for all 7 > 0, then the state £ is ultimately bounded and
the ultimate bound is a function of D,. Consequently, the consensus
error O = Qt9§’,1 = CX is also ultimately bounded. The proposed bound
follows directly from the solution of (20). []

When the disturbances are constant, a more detailed analysis can
be conducted, yielding the following result.

Proposition 6. The consensus protocol (8) for triple integrator agents
achieves consensus in the presence of constant disturbances d if and only if
all the entries of d are equal and the conditions presented in Theorem 1 are
fulfilled. Moreover, when the entries of d are not all equal, consensus is still
achieved for a and p. More concretely, for large t,

2 3
o) - 1,r" (9(0) + a(0)t + ﬂ(O)% + d%) 0., 21

with

0., = %Q ()" wa

where r is the non-negative left eigenvector of L associated to the null
eigenvalue, such that 1]r = 1.

Proof. Considering constant disturbances, it is straightforward to solve
(19a), yielding

3

i.

Note that if d is constant, (19b) can be rewritten as an error system
with 9;" = 9;,;« — (¢J*)~'Wd and its first and second time derivatives
as state variables. It follows immediately that the origin of this new
error system is exponentially stable, meaning that G;n - I Wd. It
is now possible to transform the solution back to the original system
variables. Recalling that 67 = r'e, a = r'a, and gy = r' B, one
finally obtains that for large ¢, (21) holds. To conclude that consensus
is achieved for state variables a and B, simply note that « = 0, § = 8
and éw =0. O

2
07(1) = 67(0) + o} (O) + ﬁT(O)% +r7d

4.5. Illustrative examples

Some examples are now presented considering three different inter-
action topologies, as described by the digraphs presented in Fig. 2. First,
the convergence to consensus without the presence of disturbances is
addressed, in order to illustrate the convergence criteria described in
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k2t k1o k1es k2t kie s
k3o @ k3o

(a) Leader-follower. (b) Undirected. (c) Cycle.

Fig. 2. Digraphs associated with the interaction topologies that are addressed in the
examples.

Theorem 1, and then an example considering disturbances is given, to
validate the results presented in Section 4.4.

Unless otherwise stated, in the remainder of this section it is consid-
ered that kicj=1 and y = 1, and that 6,(0) = 10(—1), ;(0) = =0.5(i—1),
and f,(0) = 0.05i.

4.5.1. Leader-follower topology

When an agent has only outgoing interaction links, without any
incoming ones, that agent is called leader and the others are called
followers. Without loss of generality, one can label the leader as agent
1. An example of a leader-follower topology is given by the digraph
illustrated in Fig. 2(a). The matrix L associated to that digraph is then

0 0 0
L=|-1 1 0]
0o -1 1

If it is noted that matrix L can be transformed into a triangular matrix
by a relabeling of the digraph vertices (Ren & Atkins, 2007), it can
be concluded that all the eigenvalues of L are real. In this case, the
stability bounds are given in Corollary 1. It is worth noting that the
input of the leader agent is null, i.e., y; = 0 (its neighborhood is the
empty set). Then, according to the agent dynamics (7), it is concluded
that 0,(r) = 60,(0) + a;(0)t + B, (0)’5. Therefore, when consensus is
achieved, all agents must converge to these values, i.e.,

2
o) -1, <61(0) + a;(0)t + ﬂl(O)%> ,

as it can be observed in Fig. 3(a). Then, by comparison with the
consensus values presented in Lemma 2, it is possible to draw the
conclusion that for a leader-follower topology where the leader is agent
I, r=e.

The evolution of the state of the agents with time, for the interaction
topology described by the digraph of Fig. 2(a), is presented in Fig. 3 for
¢ =0.5,¢=1,and ¢ = 1.5. Recall that y = 1 and note that non-null
eigenvalues of L are #, = #3 = 1. Then, in order to reach consensus,
according to Corollary 1, ¢ must be smaller than one. Clearly, when
¢ = 0.5 the bound on ¢ is verified and the agents reach consensus,
and when ¢ = 1.5 the bound on ¢ is not verified and the system
becomes unstable. For the critical condition of ¢ = 1, one would expect
that the system became marginally stable. However, Fig. 3(b) suggests
that the system is unstable. In fact, this exact condition leads to two
pairs of coincident poles in the imaginary axis, which is in accordance
with the evolution presented in Fig. 3(b), that shows linearly growing
oscillations.

4.5.2. Undirected topology

The case of an undirected interaction topology, as the one described
by the digraph of Fig. 2(b), is now addressed. In this case, L is a
symmetric matrix and therefore all its eigenvalues are real. In this
example,

2 -1 -1

As in the previous example, it is possible to determine the vector r,
which is in this case r = %1,,. To draw that conclusion, recall the
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definition of r and note that is equivalent to saying that r is the
right eigenvector of LT associated with the null eigenvalue, such that
IIr = 1. The result follows by noting that, in this case, it holds that
LT =L = LT1, = 0. It follows from Lemma 2 that for r = iln
the consensus value will be determined by the average of the initial
conditions.

The evolution of the agents for the undirected topology is presented
in Fig. 4, again for ¢ = 0.5, { = 1, and ¢ = 1.5. The non-null eigenvalues
of L are now #n, = 1 and n; = 3. Then, the conditions for reaching
consensus are y > 0 and ¢ < y. Considering again y = 1 one obtains
¢ < 1, as in the previous example. Fig. 4(a) presents the case when
¢ = 0.5 (in which the bound on ¢ is verified) and it is clear that
the group of agents reaches a consensus. The case when ¢ = 1.5 (the
bound on ¢ is not verified) is presented in Fig. 4(c) and, clearly, the
system becomes unstable and the agents do not reach consensus. For
the critical condition of { = 1, the system becomes marginally stable,
as evidenced by the undamped oscillations present in the evolution that
can be seen in Fig. 4(b).

4.5.3. Cycle topology

Finally, the case of a cyclic interaction topology, as the one de-
scribed by the digraph of Fig. 2(c), is addressed. This is perhaps the
most interesting of the three cases. In this example, the Laplacian
matrix is given by

1 0 -1
L=|-1 1 0
0 -1 1

Notably, the eigenvalues of L contain an imaginary part. Fax and
Murray (2004) show that for a cyclic topology, the eigenvalues of L
are given by

(,2n(i—1))
n=1l-exp|j————

n

for i = 1,...,n. This means that, besides the null eigenvalue, given by
i = 1, the remainder eigenvalues will be n, =3/2 + j\/§ /2. It follows
from Theorem 1 that in order for consensus to be achieved, it must be
y > \/5 /6. Considering that y = 1, as in the previous cases, the condition
¢ <¢., with ¢, = (6 - \/6) /3 is now obtained.

For a cyclic digraph as the one presented in Fig. 2(c), with equal
connection weights (in this case, k;_ ;=1 it holds that r = il,,, as in
the case of the undirected topology. To conclude this, note that

Sou=0= 34 =0 = f)=h0).
i=1 i=1

But from Lemma 2, B(f) — 1,r"p(0). Therefore, one concludes that
r= il,,.

In Fig. 5, the time evolution of the agents is presented for ¢ = 0.5,
¢ = ¢, and { = 1.5. When { = 0.5, the bounds on { and y are
fulfilled and therefore the agents reach consensus, as can be observed
in Fig. 5(a). For ¢ = 1.5, the bound on ¢ is not verified and the agents
diverge, as can be seen in Fig. 5(c). Regarding the critical condition,
¢ =¢,, the system becomes marginally stable, leading to the undamped
oscillations that can be observed in Fig. 5(b) and the agents do not
reach consensus.

4.5.4. Cycle topology in the presence of disturbances

Some examples are now presented considering the interaction topol-
ogy of the digraph in Fig. 2(c), with y = 1.2 and ¢ = 04, to
illustrate the effect of disturbances and validate the results introduced
in Propositions 5 and 6.

The evolution of the states of the agents for these examples is
presented in Fig. 6. Fig. 6(a) presents the evolution in the absence of
disturbances. Figs. 6(b)-6(d) present the response for different constant
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(a) Evolution for ¢ = 0.5. (b) Evolution for ¢ = 1. (c) Evolution for ¢ = 1.5.
Fig. 3. Evolution of the states of the agents for interaction topology presented in Fig. 2(a).
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(a) Evolution for ¢ = 0.5. (b) Evolution for ¢ = 1. (c) Evolution for ¢ = 1.5.
Fig. 4. Evolution of the states of the agents for interaction topology presented in Fig. 2(b).
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(a) Evolution for ¢ = 0.5. (b) Evolution for ¢ = (.. (¢) Evolution for ¢ = 1.5.

Fig. 5. Evolution of the states of the agents for interaction topology presented in Fig. 2(c).
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(d)d=dp+d.=—-0.015x1, +[1 —2 1]T. (e)d(t)=[1 0 —1]7 (cos (Lt +2) +cos (3t)).

Fig. 6. Evolution of the states of the agents in the presence of different disturbances, considering the topology from Fig. 2(c).
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disturbances, and the dashed lines in these figures represent where the
agents converge to, i.e., according to Proposition 6,

o - 1,r’ (9(0) + a(0)t + [3(0);—2' + d;) +0,.
Recall that in this case r = iln, to conclude that r'd is equal to the
average of the entries of d.

In Fig. 6(b), the disturbance d was chosen such that r'd = 0 and
0, # 0. Withd = d, = [1 -2 117, it follows that 8, = 8, =
[2 -2 0]". Since r'd =0, then

2
o) — 1, (é(O) +a() + ﬁ(O)%) +0,

In Fig. 6(c), d was chosen such that 8, = 0 and r'd # 0, i.e., all the
entries of d are equal and non-null (d = d, = d1, with d = -0.015). In
this case,

_ _p 3
o1 -1, <6’(0) + a(0) + ﬂ(O)E + d;) s

and the agents reach consensus. In Fig. 6(d), d = d, +d, is considered,
hence both effects are present. Therefore,

2 3
0 - 1, (é(O) +a(0) + ﬁ(O)% + d%) +0,.

Finally, a bounded disturbance is considered in Fig. 6(e), to illus-
trate the result introduced in Proposition 5. Particularly, the distur-
bance d was chosen to be d = d,(r) = uf(s), whereu = [1 0 117
and f(r) = cos g§t+2 + cos(%t . The dashed lines in Fig. 6(e)
represent a bound on the states of the agents, built using the bound
provided in Proposition 5. Concretely, recall that 6(r) = 1,0.(1) + o)
(or component-wise, 60;(t) = 0,.(t) + éi(t)) to write that

16,(1) = 6. (0] = 16,(D] < 18]l oo < 2o,

where the bound provided in Proposition 5 is used with p = co. This
leads to

0.(1) = 2o (1) < 6;(1) < 0.(1) + 25 (),

which are the bounds presented in Fig. 6(e). Moreover, note that for
d = d,(») it holds that d = d. Therefore, since |f(t)] < F for all ¢, for
some F € R*, then ||d()||,, < F for all 7.

5. Formation control

This section tackles the problem of designing a formation tracking
controller for double-integrator modeled vehicles, enhanced with the
ability to reject constant disturbances. To that end, the third-order
consensus protocol (8) is used to augment a formation control law used
for double-integrator vehicles with integral action, yielding a PID-like
controller.

5.1. Formation tracking controller

Consider the system of n vehicles with the dynamics described in
(1), ignoring for the moment the effect of the disturbance d;. Let p; :=
p; — p;’ be the trajectory tracking error. Then

L L d ._ o
A SR (22)
v, = V-=V,-—pl.: u;

1

Recall that, in order to track a prescribed formation, the goal is to
have p;; - p;’. — 0, where p;; and pf. denote the relative position,
and the desired relative position of vehicle i with respect to vehicle
Jj, respectively. However, note that p;; — pj’j = P, — P,, meaning that,
the goal is equivalent to p, — p; — 0. The dynamics described in (22)
are decoupled, and so, the controllers can be designed independently
for each axis. Comparing the dynamics over each axis with the ones

described in (4), it is possible to conclude they are the same. Also, note

Control Engineering Practice 133 (2023) 105436

that the control objective is the same as the one described for protocol
(5). Therefore, the consensus protocol (5) can be used to achieve
formation tracking, and the control input @; for the error dynamics
becomes

== Y kicy [(Bi =) +7 (% - %)l

JEN;
which is guaranteed to drive the vehicles into formation, under the
conditions of Proposition 2. The control input for the ith vehicle can
then be recovered, yielding

u; = ij? - Z ki; [(p,-j—p?j>+7 (Vij _p?f)] ’ @
JEN;

The same rationale could be used to define a controller for vehicles
modeled as triple integrators using the consensus protocol (8).

5.1.1. Inclusion of integral action

When performing formation tracking, using the control law de-
scribed in (23), the distributed multi-vehicle system is able to track
the prescribed formation, under the conditions of Proposition 2. How-
ever, real systems are susceptible to a number of non-idealities, such
as disturbances, modeling errors and actuator dead-zones, which can
deteriorate the ability to achieve their goal.

Recover now the disturbances d; in the system of n vehicles with the
dynamics described in (1), which were previously ignored. To mitigate
the effects of these disturbances, integral action is proposed. This can
be achieved considering the integral of the position tracking error,
modeled by an extra state g;, described by §, = p,. The error system
described in (22), considering this new state and the disturbances that
were previously ignored becomes

g =P
l‘~)i=‘~71
V,=1; +d,

This is now a triple integrator system with a constant disturbance,
analogous to the one in (18). It is then straightforward to conclude that
the consensus protocol (8) can be used to derive the control law

o =- Z ki; [(f)i —13,') +7 (% _‘N'j) +¢ (& _gj)]

JEN;
for the error dynamics, that is able to track the formation in the
presence of constant disturbances, as stated in Proposition 6, when the
conditions of Theorem 1 hold. Finally, noting that

' '
g —8; =/[ (f’i‘f’j) dt:/t (pij_P?j)dl,
0 0

the control input for the ith vehicle is recovered, yielding

u, = i'i?— Z ki [ (pj _p:'ij)
JEN;

, 24)
st a1+ [, o]
fo

5.1.2. Inclusion of goal seeking terms

Having designed a controller that achieves formation tracking, it is
important to modify this controller in a way that all vehicles are driven
to their desired positions, i.e., that p; — p?. Note that the formation is
prescribed by the position of each vehicle with respect to the others,
meaning that vehicles can achieve formation tracking without reaching
their desired positions. As an example, in a limit case, aerial vehicles
could be in formation while at free-fall, because the relative positions
remain the same.

To drive the vehicles to their desired positions, the previously
derived control law must be modified by adding what are called goal
seeking terms. These terms consist of trajectory tracking controllers that
“attract” the vehicles to their desired positions. Note that, to implement
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such controllers, the vehicles must have knowledge of their own state,
and not only their state with respect to their neighbors. In a way, the
goal seeking term represents the knowledge a vehicle has of its own
state. In terms of the digraph, this knowledge can be represented by
a self-loop, that models the information flow from a vehicle to itself,
i.e., the vehicle sees/senses itself. In contrast with the work by Ren and
Atkins (2007), this work considers adding goal seeking terms only to a
limited set of vehicles Vg. These vehicles track their desired trajectory,
and the others adjust their trajectories by tracking the formation. As
such, not all vehicles need to have knowledge of their own state.

In short, one seeks to add a PID trajectory tracking controller, of the
form

ﬁ,-G =—kic; <13i +7Y; 'H:/f’i d’) >

to the previously derived control law, seeking to ensure that p, — 0 as
t — oo. Analogously, one can analyze adding the term

UG = ki, [ + 1B + 6],

to y; in the consensus protocol (8) to drive the system (7) to the origin.
Note that now, the control for system (7) can be written in vector form
as u = —La—yLP - {LO, and the feedback actuated system becomes
x = H(L)x, where L is the generalized Laplacian of the digraph. The
goal seeking terms seek to ensure that the feedback actuated system,
now described by x = H(L)x, is stable, i.e., that H(L) is a stable matrix.

Theorem 2. Suppose that the communication digraph has a spanning tree.
Then, the vehicles reach their desired positions if and only if there is at least
a vehicle with a goal seeking term that has a directed path to all others,
and the coupling gains y and ¢ satisfy the conditions for consensus (16a)
and (16b) of Theorem 1, substituting the Laplacian L by the generalized
Laplacian L.

Proof. The vehicles reach their desired positions when the matrix H(L)
is Hurwitz. Recall Proposition 3 to relate the eigenvalues of H(L) with
the eigenvalues of L. Let ; € C, i = 1, ..., n be the eigenvalues of £ and
Aij» J = 1,2,3 be the eigenvalues of H(L) associated with 7, i.e., the
roots h;(4) = 0, with h;(A) = 23 + 5, (yA> + A+ ¢). Since for each null
eigenvalue in L, there are three null eigenvalues in H(L), then for H(L)
to be Hurwitz there can be no null eigenvalue in L. Considering that,
by hypothesis, the communication digraph contains a spanning tree,
then by Proposition 1 there are no null eigenvalues in L if and only if
a vehicle that has a directed path to all others has a goal seeking term.
Moreover, in that case, all eigenvalues of £ have positive real part.
Therefore, the result presented in Lemma 4 can be applied to the third
degree polynomial h;(4) associated to an eigenvalue #; of L. Finally,
noting that all the roots of #,(4) associated with the eigenvalues #; of £
must have negative real part, the conditions that must be met are (16)
and the proof is concluded. []

Remark 4. The results presented in Theorems 1 and 2 depend on
the eigenvalues of the Laplacian L and generalized Laplacian L, re-
spectively, which may raise scalability issues. The complexity on the
computation of these eigenvalues is O(n?). Therefore, for large n, the
computation of these eigenvalues might be computationally expensive.
Nonetheless, this result targets the design of the protocol parameters y
and ¢, which can be done offline.

5.2. Illustrative example

Before applying the results presented in this section in an exper-
imental setting, an illustrative example is presented. The interaction
topology considered in this example is presented in Fig. 7, where the
digraph is represented as a tree of strongly connected components,
that will be referred to as supernodes. The depth M of the graph, as
illustrated in Fig. 7(a), can be changed to scale the number of vehicles,

10
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S

(a) Tree graph composed of supernodes.

(b) Supernode.

Fig. 7. Description of the graph that models the interaction topology. Each node on
the graph of Fig. 7(a) is a supernode, as the one presented in Fig. 7(b).

which is given by n = 7(2M*! —1). For this example, M = 3 is
considered, which leads to n = 105. Note that this graph contains a
spanning tree, which is a necessary condition for consensus.

The only nodes that have a directed path to all others are the nodes
in supernode 1 of Fig. 7(a) (the root supernode). It follows from Theo-
rem 2 that at least one of those vehicle must have a goal-seeking term
so that all vehicles reach their desired positions. Therefore, consider
adding self-loops to nodes A and B of supernode 1. Finally, all the arc
weights are set to k;_; = 1.5 and the coupling gains used are y = 2.5 and
¢ =0.11, which were chosen to verify the conditions from Theorem 2.

In this example, the vehicles are 2D double integrators equipped
with the control law (24). Their goal is to move in the plane along the
x-axis at a constant speed v, = 1m/s, with a circle shaped formation.
The initial positions of the vehicles are assigned to be the initial desired
positions plus some error, drawn from a Gaussian distribution with
expectation yu = [0 1]7 and covariance 3 = L,. The vehicles G and
C, from the supernodes 2 and 4, are subject to constant disturbances
d=[0 -3]".

The results of this example are presented in Fig. 8. The movement
of the vehicles in the plane is presented in Fig. 8(a). There, it can be
observed the convergence of the vehicles to the circle shaped formation,
that moves at a constant speed of 1m/s along the x-axis. Fig. 8(b)
presents a positive definite function of the position error given by

n
V() = YK lIp =P+ Y, K lpy — P |
JEN;

i=1

which goes to zero, meaning that the vehicles are able to track their
desired positions in the presence of the constant disturbances.

6. Experimental validation

In this section, experimental results are presented to validate the
proposed solutions. To that end, the presented algorithms were applied
to multirotor vehicles. Nevertheless, these can be applied to any ve-
hicles modeled as double integrators. In a first part, the application
of these algorithms to multirotors is detailed. Then, the considered
experimental setup is described, and finally the experimental results
are presented.

6.1. Multirotor tracking control

Multirotor vehicles are characterized by having multiple rotors, all
generating thrust aligned with the vertical direction of the vehicle. The
multirotor dynamics can be modeled with different levels of complex-
ity. An inner-outer loop control scheme is typically used to control
the attitude (inner-loop) with actuation on the body torques, and the
position of the multirotor (outer-loop) with actuation on the total thrust
and virtual control inputs defined by the attitude. Under appropriate
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(b) Positive definite function of the position error.

Fig. 8. Results of the example, displayed up to time r = 45s.

Fig. 9. Forces applied to the multirotor.

assumptions, it is adequate to use a 3-D double integrator to model the
multirotor translational motion. More specifically, this model can be
adopted if the attitude is controlled by an inner-loop attitude controller
that is sufficiently fast, when compared to the outer-loop linear motion
dynamics. This is a common approach which is used, for example,
by Falanga et al. (2019).

To define the outer-loop position controller and ultimately apply
the controller defined in Section 5, consider Newton’s second law of
motion, which states that Y, f; = q, where f; € R? represents the ith
force applied to the multirotor, m € R* its mass, v € R? its velocity,
and q = mv the linear momentum of the vehicle. Since the mass is
constant, and considering the forces presented in Fig. 9,

1 T
':—Zf.:—R — ges,
v mi ! "’le3 ge3

where g is the acceleration of gravity, R represents the rotation matrix
from the body to the inertial frame and T represents the norm of the
total thrust applied by the rotors. Note that, v = u is the control input
of the double integrator system previously discussed. The goal is then
to determine T, and the attitude associated with R, that correspond to
the control input u.

Note that the matrix R can be decomposed into three rotation
matrices, associated to a sequence of elementary rotations around
the principal rotation axis. These rotations refer to the Euler angle
representation of the orientation. Different rotation sequences can be
used to represent an arbitrary rotation matrix R. In this work, the
ZY X Euler angle representation is adopted, for which R takes the form
R = R, ()R, ()R, (¢). For a rotation matrix, it holds that R™! = RT.
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It follows that if (T, ¢, 6) are chosen such that R, (O)R($)Te; = u*,
where u* := mR_ ()T (u+ ge;), the double integrator model can be
recovered. The angles ¢ and 6, as well as T, associated to u, must then
be determined. To do so, it is necessary to know y, commonly denoted
by yaw angle. Note that the yaw angle varies with time, and can be
controlled by providing the inner-loop attitude controller with a desired
yaw angle, which was chosen to be constant. To determine ¢, § and T,
given u, y, and the transformed control input u* = [u} u} u’;]T, it can
be written that ’

ut ul
L= tan(d), and T —tan(¢).

m
u [ 42 42
3 S £

Ml +u3

It is then straightforward to determine ¢ and 0, provided that either
uj # 0 or u; # 0. To determine the total thrust, T, note that T = [u*||.

6.2. Experimental setup

In order to validate the proposed approach, experiments were con-
ducted with multirotor vehicles in an indoor environment, using a
motion capture system to acquire position data, which was then sent
to the multirotors using WiFi. The Intel Aero Ready To Fly quadrotor
was used, equipped with the PX4 autopilot. The capabilities of the
autopilot were used for sensor fusion between the onboard sensors
and the motion capture position and attitude data, and for interaction
with the multirotor platform. The controllers were implemented in a
single computer, which receives data from the multirotors and sends
commands through WiFi. Due to space constraints, the experiments
were conducted using two multirotors, while other multirotors were
simulated in-the-loop, using the Gazebo simulator. The Robot Operat-
ing System (ROS) (more concretely, the MavROS package) was used as
middleware for communication with the autopilot.

The flight procedure considers the takeoff for all vehicles simul-
taneously, using the capabilities of the PX4 autopilot, and only after
all the multirotors are flying, a transition is made into the controller
to test. When the experiment ends, all vehicles are given a command
to land. The commands to switch between flight phases are manually
inserted by the operator during the flight, and sent to all vehicles
simultaneously.

6.3. Results

Experiments were performed to test the proposed control algo-
rithms, and a video of these experiments is presented in https://youtu.
be/99CGAzf4xDM. The goal is to compare the performance of the
proposed control solution, that contemplates integral action with the
baseline controller, without integral action. When presenting results,
circles and squares are used to represent the current and initial posi-
tions of the vehicles, respectively. In the figures showing the altitude
evolution, the shaded areas represent the takeoff and landing parts of
the flight. In the middle area, the formation controller is active.

For these experiments, a leader vehicle is considered. This is a
vehicle that only has outgoing links in the digraph that describes the
interaction topology, and if there is a spanning tree in the digraph,
this is also the only vehicle that has a directed path to all others. The
trajectory tracking controller for the leader vehicle can be designed
independently of the formation tracking controller. If the trajectory
tracking controller for the leader is stable, and the formation tracking
controller leads the vehicles into formation, then all vehicles are able
to achieve their desired position. Without loss of generality, let the
leader be vehicle 1. Since the controller for this vehicle can be designed
independently, let this be given by

t
u =p - Kpp, - K ¥, - K,/ Py a1, (25)
fo
which is a PID controller where Kp, K;, K;, € R are the proportional,
integral, and derivative gains, respectively. Note that the control law
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Fig. 10. Interaction topology considered.

for the leader vehicle, which can be independently designed taking only
into account its own state vector, consists in feedbacking all the error
states associated to this vehicle. To tune the gains for this PID trajectory
tracking controller, an LQR control design can be adopted.

In the prescribed motion, the leader follows a simple trajectory
(going back and forth along a straight line with a sinusoidal velocity
profile), and three other vehicles orbit the leader, at an altitude of one
meter. This movement is slow and was carefully designed to fit the
working space, with reasonable margins between the vehicles and the
arena limits. The periodic motion considered has a period of 20 seconds,
and was defined during two periods, i.e., 40 seconds. After those 40
seconds, the vehicles stop at the last desired position of this movement
(which is also the initial position). This consists in a discontinuity on
the desired motion, meaning that a new convergence is initiated at that
instant. The digraph associated to the interaction topology considered
is presented in Fig. 10. The connection weights are k;_; = 1.7, the
derivative gain is y = 1.1s”!, and the integral gain, when used, is
¢ = 0.15s73, which can be verified to follow the conditions presented
in Theorem 1. Due to the space constraints of the testing environment,
the initial positions of the vehicles are close to their initial desired
positions. However, they start with null velocity, so there is still a
convergence to the desired time varying formation. The vehicles 2 and
4 are multirotors simulated in-the-loop using the Gazebo simulator, and
the vehicles 1 and 3 are actual multirotors.

The movement on the horizontal plane, when integral action is not
considered, is presented in Fig. 11(a) and in Fig. 11(b). After the initial
convergence, the vehicles achieve the time varying formation in the
horizontal plane, orbiting around the leader vehicle. The movement of
the vehicles on the horizontal plane when considering integral action,
is presented in Figs. 12(a) and 12(b). As can be observed, there are no
noticeable differences between the movement on the horizontal plane
with and without integral action, apart from the initial instants, which
is also a consequence of slightly different initial positions.

Regarding the evolution of altitude with time, there is a clear
distinction between the experiments with no integral action (Fig. 11(c))
and with integral action (Fig. 12(c)). Note that the presence of distur-
bances is confirmed when no integral action is present, as the vehicles
climb to an altitude different than the desired altitude of one meter,
and do not maintain the same altitude. This effect is apparent mainly
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in vehicle 3, which is one of the vehicles in the arena, and has influence
on the other vehicles. The other vehicle in the arena (vehicle 1) plays
the role of leader, using the trajectory tracking controller (25), and
for that reason it is not influenced by the disturbance of vehicle 3.
However, it can be noted that the leader vehicle is also subject to a
disturbance, although its effect is smaller. Nonetheless, some influence
is still noticeable, since when the experiment was performed without
integral action on the formation tracking controller, the integral action
of the trajectory tracking controller (25) was also not present (the
integral gain K; was set to zero). However, when performing the
experiment with integral action on the formation tracking controller,
K; was set to 0.3s73, to reject the disturbance acting on the leader
vehicle as well, enabling all vehicles to reach the desired altitude of
one meter.

6.4. Discussion

The goal of this experiment was to assess the ability of the pro-
posed integral action to reject disturbances, and verify that it provides
increased capabilities when working with multirotor vehicles. These
vehicles are susceptible to modeling errors, which can be interpreted
as disturbances to the nominal system that is being considered. For
this reason, when applying controllers to this type of vehicles, it is
important to keep in mind that these must be designed with some
robustness to these errors. It was shown that the ability of these
vehicles to reach the prescribed formation is considerably influenced
by these disturbances. These effects would be even more evident when
considering an increased number of vehicles. In the described experi-
ment, only two physical multirotors were used, and still, considerable
improvements were observed when adding integral action. It is clear
that the proposed integral action has a positive effect when performing
formation control with multirotor vehicles. The effect of disturbances
in multirotor vehicles is clearly more apparent on the vertical axis,
as evidenced by the presented experiment. Since the system of double
integrator agents previously described is decoupled, a choice could be
made to add integral action to the vertical axis alone, as this is where
most of the effect is visible. However, if flights were to be made in
an open space, an interesting movement for the vehicles would be to
move in formation with a constant velocity. In this case, if the velocity
was high enough for the drag to have a considerable effect, it would
probably be useful to add integral action to the controller on the other
axis as well.

7. Concluding remarks

This paper proposed solutions to enhance the existing formation
control algorithms for vehicles modeled as double integrators with
the feature of integral action to enable disturbance rejection, which
proved to be useful when working with multirotors. New theoretical
results were achieved regarding the consensus-based protocols used
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(a) Movement at ¢t = 11s.

(b) Movement at t = 22s.

(c) Evolution of altitude with time.

Fig. 11. Results without integral action.
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Fig. 12. Results with integral action.

in this work. More concretely, novel criteria for the convergence of
the third-order consensus protocol described by exact bounds on the
coupling gains were obtained, describing necessary and sufficient con-
ditions for convergence. The effect of disturbances acting on the agents
was also analyzed for the third-order consensus protocol, although
these results can easily be generalized for any order. These consensus
protocols were used to design a formation tracking controller with
constant disturbance rejection and the use of goal seeking terms was
also analyzed. The algorithms were then tested on multirotors and
experimental results were obtained, allowing to successfully validate
the proposed approach. Specifically, it was shown that the proposed
algorithm is able to reject constant disturbances acting on the vehicles,
while following a decentralized approach, and considering a limited
amount of information.

In the future, the authors intend to deepen the analysis of the
proposed third-order consensus protocol considering, for example, the
effect of actuator or network delays. Moreover, the authors also wish
to consider the design of the protocol parameters under the framework
of optimal control theory.
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Appendix A. Results used to prove Proposition 1

Lemma 5 (Veerman & Lyons, 2020). Let L be the Laplacian of a strongly
connected digraph. Then, for any non-negative diagonal matrix D such that
D # 0, all eigenvalues of L + D have positive real part.

Lemma 6 (Veerman & Lyons, 2020). Any generalized Laplacian L can
be made lower block triangular by a relabeling of the vertices, where each
diagonal block is the generalized Laplacian of a strongly connected digraph.

Lemma 7. If all eigenvalues of a generalized Laplacian L have positive
real part, then so do the eigenvalues of L + D, where D is a non negative
diagonal matrix.
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Proof. It follows from Lemma 6 that £ can be made lower block
triangular, where each diagonal block L, is the generalized Laplacian
of a strongly connected digraph. Note that all eigenvalues of the blocks
L, have positive real part and that £, can be split as £, = L, + S,
where L is the Laplacian of a strongly connected digraph and S, is a
non-negative diagonal matrix. It follows from Lemma 5 that S, # 0 and
that all eigenvalues of £, +D, = L, + (S, + D, ) have positive real part,
and therefore all eigenvalues of £ + D have positive real part. []

Appendix B. Proof of Proposition 1

Remark 5. The intuition for Proposition 1 comes from the interpreta-
tion of self-loops given in Section 5.1.2. For formation control, vehicles
only need to have information of their state with respect to their
neighbors. However, to stabilize their positions in space, absolute state
information is needed. In Section 5.1.2, self-loops are used to express
the knowledge a vehicle has about its absolute state. The intuition for
this result is that absolute state information must flow to all vehicles
in the network in order for them to achieve their desired positions. In
graph theory terminology, that can be stated as follows: for any vertex
j in a graph G = (V, A), there must be a vertex i with a self-loop that
has a directed path to ;.

Taking into account the considerations of Remark 5, consider the
digraph G = (¥, A) which is referred in the statement of Proposition 1
and let V;, C V be the set of vertices that have a directed path to all
others (which is non-empty since, by hypothesis, G has a spanning tree).
Clearly, when a vertex i € Vp has a self-loop, absolute information
can flow to all vertices in the graph. An important question to raise is
whether the information can reach all vertices when no vertex i € V,
has a self-loop. To answer it, note that when there is a vertex j € V),
and an arc i — j, then it must be i € Vj. This means that if i ¢ V)
and j € V), there can be no arc i — j. In other words, if only
vertices i ¢ Vj, have self-loops, information cannot reach the vertices
j € Vp, meaning that there must be a vertex i € Vj, with a self-loop
(which is in line with Proposition 1). This distinction between vertices
with and without a directed path to all others motivates a partition
of the matrices associated with the digraph ¢, that is used to prove
Proposition 1.

Proof. Consider a labeling of the vertices of G such that V, =
{1,....1Yp|}, where |V is the number of elements in Vj,. Then, the
Laplacian and the matrix of self-loop weights of G can be written as

L, 0 S, 0
Sp

T [M g 0
respectively, where L is a Laplacian matrix (the rows of L sum to
zero, therefore, so do the rows of L), L is a generalized Laplacian,
and S, and S; are non-negative diagonal matrices that correspond to
a splitting of S with dimensions that are compatible with L, and L.

L ] and S=[
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Concretely, L, is the Laplacian of a digraph G, = (Vp, Ap), where
Ap € A contains only the arcs i — j € A such that i, j € Vp. Note that
Gp is strongly connected. The block of zeros in L is a consequence of
the fact that if i ¢ V), and j € V) there can be no arc i — .

Since G and G, have a spanning tree, it follows from Lemma 1 that
L and L, have exactly one null eigenvalue and all other eigenvalues
have positive real part. Recall that the eigenvalues of a block triangular
matrix are the union of the eigenvalues of its diagonal blocks, to
conclude that all the eigenvalues of L have positive real part.

To prove necessity, consider that no vertex i € Vj, has a self-loop,
meaning that S, = 0. It is straightforward to conclude that £L =L + S
still has a null eigenvalue associated to L. Therefore, to remove the
null eigenvalue from Lj, there must be a vertex i € V;, with a self-
loop. Sufficiency follows from Lemma 5, since L, is the Laplacian of a
strongly connected digraph, and if there is a vertex i € V;, with a self-
loop, Sp # 0, meaning that all eigenvalues of L;, + S, have positive
real part. It follows from Lemma 7 that all the eigenvalues of L5 +Sj
also have positive real part, and the result follows. []

Appendix C. Proof of Lemma 4
Proof. Let ¢ := Re(y) > 0 and w := Im(y). From Lemma 3, it follows

that the third degree polynomial p;(4) has all its roots in the open left
half-plane if and only if

oy >0

63y —(oty + 00’y —? >0 (C.1)
¢ (al?>+bS +¢) >0

with ¢ = (65+253a)2+aa)4)y2 - (ozw2+co4), a = 65, and b =

-2y (6* + 6?®?). These conditions, however, are complex and not in-
tuitive. In order to simplify them, some polynomial analysis can be
performed. Firstly, and noting that ¢ > 0, the first condition becomes
y > 0. Also, in the second condition, ¢ only appears in one of the terms,
and thus it can be isolated, rendering the condition ¢ < r(y), with
392 + owly? — 2

r(y) = =
(r) e o

Cra o
o2y

As for the last condition, let p(¢) := al? + b¢ +c. It is straightforward to
conclude that a > 0. Note that the roots of polynomial p () are given

by
o2 + w? \/w20?(02+w2)
()= vt 3 .
(o3 (o

It can be concluded from the above expressions that the roots of p({) are
real. Furthermore, it is possible to conclude that ¢, (y) > 0. Moreover,
the sign of ¢_(y) will depend on the value of y. The remainder of the
proof is achieved by a series of contradictions.

Based on intuition, it is to expect that the condition { > 0 must be
met. Assume now that ¢ < 0. In order to meet the condition ¢ p(¢) > 0
for ¢ < 0, then the polynomial p(¢) must also be negative. Since a > 0,
then p(¢{) is negative between its roots. This means that the conditions
¢ > ¢ (y) and ¢ < £, (y) must be met. Since { < 0 and £, (y) > 0, it is
clear that the condition { < ¢, (y) is met. In order to be possible to have
¢ > ¢_(y), then ¢_(y) has to be negative, meaning that y < y°, with

0. Voldd(e?+?)
re= o2 ((72 +co2) '
Furthermore, to meet { < r(y) and { > {_(y), then r(y) must be bigger
than ¢_(y). Hence,

Vo3 (o2 + 02 o? 1

ry)—¢_(y) = = o (C.2)

must be bigger than zero. However, considering that y < y°, the
following conclusion can be drawn about (C.2)

Vared(e?+w?)  w? 1

r(y)—¢_(y) < T__Z_O =0.
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Thus, it is concluded that ¢ < 0 is not a solution to the set of conditions
previously described.

Considering now that ¢ > 0, in order to verify the condition ¢ p(¢) >
0, the polynomial p(¢) must be also be positive. Since a > 0, it is known
that this happens outside the roots of p({), which means that { < ¢_(y)
or ¢ > {,(y). However, the possibility of ¢ > ¢, (y) is quickly discarded
since it is straightforward to conclude that {, (y) > r(y), meaning that
the condition { > {,(y) is not compatible with condition { < r(y).
Hence, the solution that remains is to have ¢ < ¢_(y). Note that ¢ is
positive. Thus, in order for this condition to be possible, ¢_(y) must be
positive. It is now possible to conclude that in order to have ¢_(y) > 0,
then y > y°. Note that this is more conservative than having y > 0
because y° > 0, hence the condition y > 0 can be dropped.

It is now left to verify which of the conditions, ¢ < ¢_(y) or { < r(y),
is the most conservative. Considering that it must be y > ,, it follows
that

VFSTEED o 1

r(y) = &) > T R =0 (C.3)
Therefore, r(y) > {_(y), hence concluding that the condition ¢ < ¢_(y)
is the most conservative. Finally, considering w, = || = V¢? + »? and
E= wi, it follows that

1-g2

fw,

0<C<C_(7)=[% <}’—

y>r"=

1-2 ’
sw,

O

hence concluding the proof.
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