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Abstract In the past decade substantial effort has been

put in the design of attitude observers with bias es-

timation that present both stability and convergence
guarantees. However, most theoretical results consider

a noiseless setting, deferring the analysis of the effect of

noise to simulation and experimental results. This pa-
per addresses the robustness of an existing solution to

noise in all measurements by considering two settings:

i) bounded noise; and ii) stochastic noise modeled by a
Wiener process. The results are appealing in that they

effectively show the robustness of the observer in both

scenarios, thus complementing global exponential con-

vergence in noiseless settings. In particular, for bounded
noise, the estimation error remains bounded, whereas

in the case of noise modeled by a Wiener process, the

mean error converges to zero, with bounded covariance.
Finally, an additional result regarding the computation

of estimates on SO(3) is also included.
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1 Introduction

Attitude estimation is of paramount importance to the
operation, whether remote or autonomous, of robotic

platforms and vehicles. Classic solutions resorted to the

EKF, see e.g. [8] for a large survey. More recently, in
the last decade, the topic has witnessed great effort and

progress, with the appearance of novel attitude estima-

tion solutions that encompass theoretical guarantees of
stability and performance. The seminal work [17] pro-

posed nonlinear observers on the Special Orthogonal

Group SO(3) with guarantees of almost global stability

and convergence, as well as local exponential stability.
Attitude estimation in the context of hybrid systems

was proposed in [6], which allows for global conver-

gence. Global exponential stability was also achieved
in [3] and [4], where the attitude rotation matrix is

embedded in R
9, albeit estimates on SO(3) are also

provided, maintaining exponential convergence for all
initial conditions. Another successful approach of lift-

ing the topological contraints of SO(3) can be found in

[11]. The problem of filtering on Lie groups was studied

in [1], with application to attitude estimation on SO(3).
The problem of attitude estimation received further fo-

cus in [23], [13], [14], and [12] resorting to differential

geometry tools and exploiting the manifold properties.
Attitude estimation with multiple time-varying refer-

ence vectors was studied in [10], [2], and [19]. The last

two also consider single vector measurements, which is
a more demanding setup from a theoretical point of

view, a problem that was also addressed in [22].

In most of the aforementioned references the atti-

tude models and analysis assume noiseless scenarios.
Moreover, robustness to noise is hardly ever consid-

ered, except for simulation results with noise and ex-

periments. In [7] the robustness of an existing observer
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to bounded measurement disturbances was considered

and a novel solution was proposed to overcome some
limitations. A very interesting contribution is also pre-

sented in [24], where a novel attitude minimum-energy

estimator was proposed that considers, in the cost func-
tion, unknown measurement errors.

In this paper, the robustness to noise in all mea-

surements of the attitude observer proposed in [3] is

characterized considering two different settings: i) in
the first, measurement noise is assumed bounded, in a

similar fashion to the analysis carried out in [7]; and

ii) in the second, a stochastic framework is considered

where the noise is modeled by a Wiener process. In or-
der to address both problems, input-to-state stability

results are extensively used, as well as known results

for stochastic differential equations (SDEs) in the sec-
ond case. In short, the attitude observer is shown to be

robust to noise, as long as it is within certain bounds

for the bounded-noise case or as long as the covariance
is small enough in the stochastic setting modeled by a

Wiener process. Finally, an additional result is also in-

cluded regarding the computation of estimates directly

on SO(3).

1.1 Notation

The symbols 0 represents a matrix (or vector) of ze-

ros and In denote the n × n identity matrix. When n

is omitted, the matrices are of appropriate dimensions,

which can be inferred from the context. A block diago-
nal matrix is represented by diag(A1, . . . ,An).

2 Problem statement

2.1 Attitude observer

The cascade attitude observer proposed in [3] is here
briefly presented in order to set the grounds for the de-

scription of the problem addressed in this work. Let {I}
denote an inertial reference frame, {B} a body-fixed ref-

erence frame, and R ∈ SO(3) the rotation matrix from
{B} to {I}. The attitude kinematics are Ṙ = RS (ω) ,

where ω ∈ R
3 is the angular velocity of {B}, expressed

in {B}, and S (.) is the skew-symmetric matrix that en-
codes the cross product, i.e., S (x)y = x × y, x ∈ R

3,

y ∈ R
3.

In order to estimate R, biased angular velocity mea-

surements ωm = ω + bω ∈ R
3, provided by rate gyros,

are assumed available, where bω ∈ R
3 corresponds to

the rate gyro bias, which is assumed constant. Addi-

tionally, there is available a set of N ≥ 2 body-fixed

vector observations {vi ∈ R
3, i = 1, . . . , N} of known

constant vectors in inertial coordinates {ri ∈ R
3, i =

1, . . . , N}, which thus satisfy ri = Rvi, i = 1, . . . , N.
In this paper the following assumptions are consid-

ered.

Assumption 1 There exist at least two non-collinear

reference vectors, i.e., there exist i and j such that ri×
rj 6= 0.

Assumption 2 The signal ωm is bounded for all time.

The first is a standard assumption, necessary for atti-

tude estimation with constant vectors in inertial coor-
dinates, and as such it adds no conservativeness what-

soever. The second is a standard technical assumption

in attitude estimation, see e.g. [12], [17], and [22]. It is

also verified for all systems in practice, since one cannot
have arbitrarily large angular velocities.

The approach proposed in [3] for the observer design

resorts to a sensor-based strategy, where the dynamics
of the vector observations are explicitly considered. For

the sake of completeness, the nominal dynamics of the

vector observations are given by

v̇i = −S (ωm)vi − S (vi)bω,

i = 1, . . . , N , see [3].
The attitude observer proposed in [3] has a cascade

structure. The first block is given by























˙̂v1 = −S (ωm) v̂1 − S (v1) b̂ω + α1 [v1 − v̂1]
...

˙̂vN = −S (ωm) v̂N − S (vN) b̂ω + αN (vN − v̂N)
˙̂
bω = −∑N

i=1 βiS (vi) v̂i

,

(1)

where v̂i ∈ R
3 is an estimate of vi, i = 1, . . . , N ,

b̂ω ∈ R
3 is an estimate of the rate gyro bias, and

αi ∈ R
+, βi ∈ R

+, i = 1, . . . , N , are observer parame-

ters. Define now

C2 :=







r11I3 r12I3 r13I3
...

...
...

rN1I3 rN2I3 rN3I3






∈ R

3N×9,

with ri =
[

ri1 ri2 ri3
]T ∈ R

3. The second observer

block is given by

˙̂x2 = −S3

(

ωm − b̂ω

)

x̂2 +CT
2 Q

−1 [v −C2x̂2] , (2)

where Q = QT ∈ R
3N×3N is a tuning matrix,

S3 (x) := diag (S (x) ,S (x) ,S (x)) ∈ R
9×9, x ∈ R

3,

v =
[

vT
1 . . . vT

N

]T ∈ R
3N ,
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and x̂2 is an estimate of x2, which corresponds to a

column representation of R, as given by

x2 =





z1
z2
z3



 ∈ R
9,

where

R =





zT1
zT2
zT3



 , zi ∈ R
3, i = 1, . . . , 3.

Notice that the nominal dynamics of x2 are given by

ẋ2 = −S3 (ωm − bω)x2

and that the vector observations can be expressed as

v = C2x2,

see [3].

Define the estimation error of the first observer as

x̃1 :=











ṽ1

...

ṽN

b̃ω











=











v1 − v̂1

...
vN − v̂N

bω − b̂ω











∈ R
3(N+1),

and the estimation error of the second observer as x̃2 :=

x2− x̂2. It is a matter of computation to show that the

error dynamics can be written as

˙̃x1 = A1x̃1 (3)

and

˙̃x2 = A2x̃2 + S3

(

b̃ω

)

x2 − S3

(

b̃ω

)

x̃2, (4)

with

A1 = −diag (α1I+ S (ωm) , . . . , αNI+ S (ωm) ,0)

+











0 . . . 0 −S (v1)
...

...
...

0 . . . 0 −S (vN)

−β1S (v1) . . . −βNS (vN) 0











and A2 = −CT
2 Q

−1C2 − S3 (ωm − bω) .
The following result, which will be required in this

paper, is shown in [3].

Theorem 1 Under Assumptions 1 and 2, consider the

rate gyro bias observer (1), where αi > 0, βi > 0,

i = 1, . . . , N , are positive scalar parameters. Then, the

origin of the observer error dynamics (3) is a globally

exponentially stable equilibrium point.

To establish global exponential stability of the error

dynamics of the second observer, the following assump-

tion is introduced.

Assumption 3 The matrix [r1 . . . rN ] ∈ R
3×3N has

full rank.

It is important to stress that, in practice, this assump-
tion does not impose the necessity of any additional

measurements since it is possible and computationally

inexpensive to obtain a set of reference vectors ri and
corresponding observations in body-fixed coordinates

vi such that Assumption 3 is satisfied, provided that

Assumption 1 holds, see [3].

2.2 Observer framework in the presence of

measurement noise

The analysis that was derived in [3] considers only a

noiseless scenario. In practice, all measurements are ob-

tained by sensors and are thus corrupted by noise. Here,
noise on all measurements will be considered. For the

rate gyros, instead of ωm in (1) and (2), one should

consider ωm+nω, where nω ∈ R
3 accounts for the rate

gyros measurement noise. Likewise, for the vector ob-

servations, instead of vi in (1) and (2), i = 1, . . . , N ,

one should consider vi+ni, where ni ∈ R
3 accounts for

the measurement noise of the body-fixed observations.
Thus, the resulting observer dynamics in the presence

of measurement noise are given by







































˙̂v1 = −S (ωm + nω) v̂1 − S (v1 + n1) b̂ω

+α1 [v1 + n1 − v̂1]
...
˙̂vN = −S (ωm + nω) v̂N − S (vN + nN) b̂ω

+αN [vN + nN − v̂N ]
˙̂
bω = −

∑N

i=1 βiS (vi + ni) v̂i

(5)

and

˙̂x2 = −S3

(

ωm + nω − b̂ω

)

x̂2

+CT
2 Q

−1 [v + nv −C2x̂2] , (6)

with

nv =





nT
1

. . .

nT
N





T

∈ R
3N .

In turn, it is a matter of computation to show that the
observer error dynamics in the presence of measurement

noise can be written as

˙̃x1 = A1x̃1 + [B11 +B12 (t, x̃1)]n (7)

and

˙̃x2 = A2x̃2 + S3

(

b̃ω

)

[x2 − x̃2] + S3 (nω) [x2 − x̃2]

−CT
2 Q

−1nv, (8)
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where

n =

[

nv

nω

]

∈ R
3(N+1),

B11 = −diag (α1I+ S (bω) , . . . , αNI+ S (bω) ,0)

+











0 . . . 0 −S (v1)
...

...
...

0 . . . 0 −S (vN)

−β1S (v1) . . . −βNS (vN) 0











,

and

B12 (t, x̃1) = diag
(

S
(

b̃ω

)

, . . . ,+S
(

b̃ω

)

,0
)

+











0 . . . 0 S (ṽ1)
...

...
...

0 . . . 0 S (ṽN)

β1S (ṽ1) . . . βNS (ṽN) 0











.

Notice that, in the absence of measurements noise, i.e.,

with n = 0, (7) and (8) degenerate in (3) and (4),
respectively.

Remark 1 Interestingly enough, the noise terms that

are considered here can account for both high frequency
noise and other disturbances, such as noise at low fre-

quencies [7]. In the particular case of the rate gyros,

the nominal bias, which is assumed constant, is already
accounted for in the system dynamics and observer de-

sign. Nevertheless, it is common for the bias to change

slowly due to, for instance, changes in the operating
temperature. These small variations of the bias around

the nominal value can be considered as perturbations

and are also captured by the term nω.

The problem considered in this paper is to analyze

the robustness of the attitude observer (5)-(6) to mea-
surement noise. In particular, two distinct settings are

considered: i) bounded measurement noise; and ii) mea-

surement noise modeled by a Wiener process.

3 Robustness to bounded measurement noise

The robustness of the observer (5)-(6) to bounded mea-

surement noise is analyzed in this section. First, some

preliminary results are provided.

The rate gyro bias observer error dynamics (3) are

linear and globally exponentially stable. Moreover, A1

is norm-bounded under Assumption 2. Hence, there

exists a symmetric, continuously differentiable matrix

Q1 ∈ R
3(N+1)×3(N+1) such that

0 ≺ α11I � Q1 � α12I (9)

and

AT
1 Q1 +Q1A1 + Q̇1 � −α13I ≺ 0, (10)

where α11, α12, and α13 are finite positive constants,
see [20, Theorem 7.8].

The rate gyro bias is constant. Moreover, since ri is

constant, it follows that vi also has constant norm for
all i = 1, . . . , N . Hence, there exists β11 > 0 such that

‖B11‖ ≤ β11 (11)

for all t ≥ t0. Finally, notice that B12 (t, x̃1) is linear

in the observer error. Hence, there exists β12 > 0 such

that

‖B12 (t, x̃1)‖ ≤ β12 ‖x̃1‖ (12)

for all t ≥ t0 and x̃1 ∈ R
3(N+1).

The following theorem addresses the robustness of

the rate gyro bias observer to bounded measurement
noise.

Theorem 2 Consider the rate gyro bias observer (5)

in the conditions of Theorem 1 and choose λ1 ∈ R such

that

0 < λ1 < α13.

Then, the rate gyro bias observer error dynamics (7)

are locally input-to-state stable with respect to the mea-

surement noise n, with the domain of attraction char-

acterized by supt≥t0
‖n‖ ≤ rn and x1 ∈ R

3(N+1), with

rn :=
α13 − λ1

2α12β12
. (13)

Proof Consider the Lyapunov-like function

V1 (t, x̃1) := x̃T
1 Q1x̃1.

Its time derivative is given by

V̇1 (t, x̃1) = x̃T
1 Q̇1x̃1 + x̃T

1

[

AT
1 Q1 +Q1A1

]

x̃1

+x̃T
1 Q1 [B11 +B12 (t, x̃1)]n

+nT [B11 +B12 (t, x̃1)]
T
Q1x̃1. (14)

Using (9)-(12) in (14) allows to write

V̇1 (t, x̃1) ≤ − (α13 − 2α12β12 ‖n‖) ‖x̃1‖2

+2α12β11 ‖x̃1‖ ‖n‖ .

Now, notice that

V̇1 (t, x̃1) ≤ −λ1 ‖x̃1‖2 + 2α12β11 ‖x̃1‖ ‖n‖ (15)
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for ‖n‖ ≤ rn. Fix 0 < θ < 1 and rewrite (15) as

V̇1 (t, x̃1) ≤ −λ1 (1− θ) ‖x̃1‖2

−λ1θ ‖x̃1‖
(

‖x̃1‖ − 2
α12β11

λ1θ
‖n‖

)

(16)

for ‖n‖ ≤ rn. Then, it is clear from (16) that

V̇1 (t, x̃1) ≤ −λ1 (1− θ) ‖x̃1‖2

for all ‖n‖ ≤ rn and ‖x̃1‖ ≥ 2α12β11

λ1θ
‖n‖ . The proof is

completed invoking [15, Theorem 5.2].

Remark 2 This result allows to conclude that, for all

initial conditions, as long as the measurement noise is

within certain bounds, the estimation error of the rate
gyro bias observer will also remain bounded. A simpler

way to show local input-to-state stability would be to

invoke [15, Lemma 5.4]. However, that would not give
the explicit domain of attraction.

The attitude observer (6) depends not only on the
sensor measurements but also on the estimates of the

rate gyro bias provided by the rate gyro bias observer

(5). As such, the observer error dynamics depends on
the rate gyro bias estimation error b̃ω and therefore,

in order to address the robustness of the attitude ob-

server (6) to bounded measurement noise, one must also
consider the rate gyro bias estimation error. This is es-

tablished in the following theorem.

Theorem 3 Consider the attitude observer (6) and sup-

pose that Q is a positive definite matrix. Assume also

that Assumption 3 holds. Then, the attitude observer

error dynamics (8) are globally input-to-state stable with

respect to the input

u2 =

[

n

b̃ω

]

∈ R
3(N+2).

Proof Consider the Lyapunov-like function

V2 (t, x̃2) =
1

2
‖x̃2‖2 .

Recalling that S3 (.) is skew-symmetric gives

V̇2 (t, x̃2) = −x̃T
2 C

T
2 Q

−1C2x̃2

+x̃T
2

[

S3

(

b̃ω + nω

)

x2 −CT
2 Q

−1nv

]

.(17)

Under Assumption 3 one has that C2 is a constant ma-
trix with full rank. Moreover, Q is a positive definite

matrix. Hence, CT
2 Q

−1C2 is positive definite. Let λ2 >

0 denote the minimum eigenvalue of CT
2 Q

−1C2. Then,

using the Rayleigh-Ritz inequality allows to bound (17)

by

V̇2 (t, x̃2) ≤ −λ2 ‖x̃2‖2 + x̃T
2 S3

(

b̃ω

)

x2

+x̃T
2 S3 (nω)x2 − x̃T

2 C
T
2 Q

−1nv. (18)

Now recall that x2 corresponds to a column representa-

tion of a rotation matrix, hence ‖x2‖ =
√
3. Moreover,

‖S3 (x)‖ = ‖x‖ for all x ∈ R
3. Finally,

∥

∥

∥b̃ω

∥

∥

∥ ≤ ‖u2‖,
‖nv‖ ≤ ‖u2‖, and ‖nω‖ ≤ ‖u2‖. Then, using simple
norm inequalities, is is possible to bound (18) by

V̇2 (t, x̃2) ≤ −λ2 ‖x̃2‖2 + b2 ‖x̃2‖ ‖u2‖ , (19)

with b2 := 2
√
3 +

∥

∥CT
2 Q

−1
∥

∥ > 0. Fix 0 < θ < 1 and
rewrite (19) as

V̇2 (t, x̃2) ≤ −λ2 (1− θ) ‖x̃2‖2

−λ2θ ‖x̃2‖
(

‖x̃2‖ −
b2
λ2θ

‖u2‖
)

.

Thus, it follows that V̇2 (t, x̃2) ≤ −λ2 (1− θ) ‖x̃2‖2 for

all ‖x̃2‖ ≥ b2
λ2θ

‖u2‖ . The proof is completed invoking
[15, Theorem 5.2].

Remark 3 The significance of this theorem is as follows:
As long as the measurement noise and the rate gyro bias

estimation error remain bounded, the attitude estima-

tion error remains bounded. Moreover, if the first con-

verges to zero, so thus the latter. Interestingly enough,
a more elegant proof invoking [15, Lemma 5.5] is not

possible since the relevant global Lipchitz property is

not verified.

It is important to point out that, while the results

may seem trivial at first, that is a consequence of the
design and it does not diminish this first contribution:

to show robustness of the solution to bounded measure-

ment noise on all sensors. While the noise is often mod-

eled as a Gaussian stochastic process, in practice the
measurements are bounded, and so is the noise. More-

over, there exist globally exponentially systems that can

be driven to infinity by arbitrarily small additive decay-
ing exponentials, see [21]. Furthermore, in this case, the

measurement noise lead not only to additive perturba-

tions in the error dynamics but also multiplicative ones
in (7) and (8).

4 Robustness to measurement noise modeled

by a Wiener process

The analysis of the robustness of the observer (5)-(6)

with the noise modeled by a Wiener process is detailed

in this section. First, notice that from (7) it is possible
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to write the error dynamics of the rate gyro bias ob-

server, in a stochastic setting with measurement noise,
as the stochastic differential equation

dx̃1 = A1x̃1dt+ [B11 +B12 (t, x̃1)]Wdξ, (20)

where ξ =
[

ξ1 . . . , ξ3(N+1)

]T ∈ R
3(N+1) is a Wiener

process and W = diag
(

w1, . . . , w3(N+1)

)

≻ 0 is a

positive definite diagonal matrix that accounts for the
intensity of the sensor noise. Given the structures of

B11 and B12, it is clear that it is possible to rewrite

(20) as the linear stochastic differential equation

dx̃1 = A1x̃1dt+

3(N+1)
∑

i=1

[b1i +BBB1ix̃1]widξi, (21)

where b1i ∈ R
3(N+1) are, under Assumption 2, norm

bounded and BBB1i ∈ R
3(N+1)×3(N+1) are constant ma-

trices.

The following theorem establishes interesting results
on the mean and second moment of x̃1.

Theorem 4 Consider the linear SDE (21) under the

conditions of Theorem 1. Then, there exists Wmax > 0

such that, for all W ≺ WmaxI, the mean of x̃1 con-

verges globally exponentially fast to zero and the second

moment of x̃1 is bounded.

Proof The evolution of the mean and second moment of

x̃1 are well known since the evolution of x̃1 is described
by a vector-valued linear SDE, see Appendix A for the

general form. Let m1 := E {x̃1} and P1 := E
{

x̃1x̃
T
1

}

denote the mean and the second moment of x̃1, respec-
tively. Then, the mean satisfies

ṁ1 = A1m1, (22)

which corresponds to the same dynamics of (3). Hence,

the results of Theorem 1 apply and as such it follows
that the origin is a globally exponentially equilibrium

point of (22), which establishes the first result. The

evolution of the second moment of x̃1 is given by (30),
with m = m1, P = P1, AAA = A1, a = 0, bi = wib1i,

and BBBi = wiBBB1i, i = 1, . . . , 3(N + 1). Consider, for a

moment, the matrix differential equation

Ṗ1 = A1P1 +P1A
T
1 . (23)

Its solution is given by

P1(t) = φ (t, t0)P1 (t0)φ
T (t, t0) , (24)

where φ (t, t0) corresponds to the transition matrix as-
sociated with the system matrix A1 from t0 to t. In the

conditions of Theorem 1, there exist positive constants

c1 > 0 and d1 > 0 such that

‖φ (t, t0)‖ ≤ c1e
−d1(t−t0), t ≥ t0,

see [20, Theorem 6.7]. Hence, using some norm inequal-

ities in (24) allows to show that

‖P1 (t)‖ ≤ c21 ‖P1 (t0)‖ e−2d1(t−t0),

which means that the origin of (23) is a globally ex-
ponentially stable equilibrium point. Now, let p1 :=

vec (P1) be a column representation of P1. Then, p1

also converges globally exponentially fast to zero. Since

the dynamics of p1 are linear, it follows from [20, The-
orem 7.8] that there exists a positive definite matrix

QQQ1 ≻ 0 and constants a11 > 0, a12 > 0, and a13 > 0

such that

a11I �QQQ1 � a12I (25)

and

AAAT
1QQQ1 +QQQ1AAA1 + Q̇QQ1 � −a13I, (26)

where AAA1 is implicitly defined by

AAA1p1 = vec
(

A1P1 +P1A
T
1

)

.

Now, recall the evolution of P1 described by (30) with
the appropriate substitutions, as previously described,

and consider the Lyapunov-like function

V1 (t,p1) := pT
1QQQ1p1.

Define

u1 := vec





3(N+1)
∑

i=1

w2
i

[

BBB1im1b
T
1i + b1im

T
1BBB

T
1i + b1ib

T
1i

]



 ,

which allows to write

ṗ1 =AAA1p1 + vec





3(N+1)
∑

i=1

w2
iBBB1iP1BBBT

1i



+ u1.

Then, the time derivative of V1 (p1) is given by

V̇1 (t,p1) = pT
1

[

AAAT
1QQQ1 +QQQ1AAA1 + Q̇QQ1

]

p1

+2pT
1QQQ1vec

(

∑3(N+1)
i=1 w2

iBBB1iP1BBBT
1i

)

+ 2pT
1QQQ1u1.

Using (26) and the fact that BBB1i is constant allows to
bound V̇1 (t,p1) by

V̇1 (t,p1) ≤ −a13 ‖p1‖2 + σ1w
2 ‖p1‖2 + 2a12 ‖p1‖ ‖u1‖

for some σ1 > 0, where w := max
(

w1, . . . , w3(N+1)

)

.
Choose Wmax such that a13−σ1W

2
max ≥ λ3 > 0. Then,

for all W ≺ WmaxI, it follows that

V̇1 (t,p1) ≤ −λ3 ‖p1‖2 + 2a12 ‖p1‖ ‖u1‖ .

Using (25) and setting 0 < θ < 1 gives

V̇1 (t,p1) ≤ −λ3 (1− θ) ‖p1‖2

−λ3θ ‖p1‖
(

‖p1‖ −
2a12
λ3θ

‖u1‖
)
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which means that V̇1 (t,p1) ≤ −λ3 (1− θ) ‖p1‖2 for

all ‖p1‖ ≥ 2a12

λ3θ
‖u1‖ . Hence, invoking [15, Theorem

5.2] one concludes that the dynamics of p1 are globally

input-to-state stable with respect to ‖u1‖. Now, notice
that u1 corresponds to the sum of terms that converge
globally exponentially fast to zero and a term that is

norm-bounded for all time. Hence, ‖u1‖ is bounded,

which together with the input-to-state stability result,
allows to conclude that p1 is norm-bounded, thus con-

cluding the proof.

Remark 4 Loosely speaking, this result establishes that

the estimates provided by the rate gyro bias estima-

tor are asymptotically unbiased and their covariance is

bounded. It is interesting to point out that this happens
in spite of the presence of both multiplicative and addi-

tive noise in the rate gyro bias estimator dynamics. This

is due to the fact that, in spite of the intrinsic nonlinear
nature of the original estimation problem, the estima-

tor that is here considered has a linear structure, which

results in a particularly well-behaved linear stochastic
differential equation.

The analysis for the second observer is more evolved
since the dynamics (6) depend on the rate gyro bias es-

timates and as such the rate gyro bias estimation error

appears in (8). In all truth, the rate gyro bias estima-
tion error is a stochastic process that depends on the

measurements noise, encoded by the Wiener process ξ.

Unfortunately, no closed-form solution exists. There-

fore, in order to keep the analysis tractable but still
meaningful, b̃ω is here assumed to be equal to the sum

of some mean value mb ∈ R
3 and a Wiener process.

Thus, considering a stochastic setting, it is possible to
see from (8) that, in differential form, the error dynam-

ics of the second observer can be written as

dx̃2 = [A2 − S3 (mb)] x̃2dt+ S3 (mb)x2dt

+S3 (Wbdξb)x2 − S3 (Wbdξb) x̃2

+S3 (Wωdξω)x2 − S3 (Wωdξω) x̃2

−CT
2 Q

−1Wvdξv, (27)

where diag (Wv,Wω) = W as previously defined, Wb

is a positive definite diagonal matrix that accounts for

the covariance of the rate gyro bias estimation error,
and

ξa =





ξ
v

ξ
ω

ξ
b



 =







ξa,1
...

ξa,3(N+2)







is a Wiener process. Notice that Theorem 4 charac-

terizes both mb and Wb. Hence, the trade-off that is

here considered in order to keep the analysis tractable

is to disregard the correlation between ξ
b
and the ac-

tual processes that account for the measurement noise,
ξ
v
and ξ

ω
.

Before proceeding, it is convenient to rewrite (27)

as

dx̃2 = [A2 − S3 (mb)] x̃2dt+ S3 (mb)x2dt

+

3(N+2)
∑

i=1

[b2i +BBB2ix̃2]wa,idξa,i, (28)

where wa,i, i = 1, . . . , 3(N + 2), correspond to the di-

agonal elements of diag (Wv,Wω,Wb), and b2i and

BBB2i, i = 1, . . . , 3(N + 2), are implicitly defined by

∑3(N+2)
i=1 b2iwa,idξa,i = −CT

2 Q
−1Wvdξv

+S3 (Wbdξb)x2 + S3 (Wωdξω)x2,

and

3(N+2)
∑

i=1

BBB2ix̃2wa,idξa,i = −S3 (Wbdξb) x̃2−S3 (Wωdξ
ω
) x̃2.

The following theorem establishes interesting results

on the mean and second moment of x̃2.

Theorem 5 Consider the linear SDE (28) and sup-

pose that Q is a positive definite matrix. Assume also

that the mean of x̃1 converges globally exponentially fast

to zero and the second moment of x̃1 is bounded. Fur-

thermore, suppose that Assumption 3 holds. Then, there

exists 0 < wa,i < w, i = 1, . . . , 3 (N + 2), such that the

mean of x̃2 converges globally exponentially fast to zero

and the second moment of x̃2 is bounded.

Proof The evolution of x̃2 is described by a vector-
valued linear SDE. Hence, similarly to Theorem 4, let

m2 := E {x̃2} and P2 := E
{

x̃2x̃
T
2

}

denote the mean

and the second moment of x̃2, respectively. Then, the
mean satisfies

ṁ2 = [A2 − S3 (mb)]m2 + S3 (mb)m2.

Since in the conditions of the theorem the mean mb

converges globally exponentially fast to zero, it can be

shown that m2 converges globally exponentially to zero

using similar arguments to [3, Theorem 3]. The evolu-
tion of the second moment of x̃2 is given by (30), with

m = m2, P = P2, AAA = A2−S3 (mb), a = S3 (mb)x2,

bi = wa,ib2i, and BBBi = wa,iBBB2i, i = 1, . . . , 3(N+2). The

remaining analysis follows similar arguments to that of
Theorem 4, in order to show that

ṗ2 =AAA2p2 + u2 + vec





3(n+2)
∑

i=1

w2
a,iBBB2iP2BBBT

2i
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is input-to-state stable with respect to u2, where p2 :=
vec (P2),

u2 := vec
(

∑3(N+2)
i=1 w2

a,i

[

BBB2im2b
T
2i + b2im

T
2 BBBT

2i + b2ib
T
2i

]

)

+m2 [S3 (mb)x2]
T + [S3 (mb)x2]mT

2 ,

and AAA2 is implicitly defined by

AAA2 = vec
(

[A2 − S3 (mb)]P2 +P2 [A2 − S3 (mb)]
T
)

.

The only difference concerns the proof of global expo-
nential stability of

Ṗ2 = [A2 − S3 (mb)]P2 +P2 [A2 − S3 (mb)]
T
,

which nevertheless follows using similar arguments but
also considering [16, Example 9.6]. With globally input-

to-state stability established, the second result follows

from the fact that u2 corresponds to the sum of a norm-

bounded term plus exponentially decaying terms.

Remark 5 Loosely speaking, this result establishes that

the attitude estimates provided by the cascade observer,

under appropriate conditions, are asymptotically unbi-
ased and, moreover, the error covariance is bounded.

Thus, robustness of the solution to stochastic noise mod-

eled by a Wiener process in all sensor measurements is
established.

5 Estimates on SO(3)

In spite of the fact that the attitude estimates provided

by the cascade observer (5)-(6) converge, in the ab-

sence of noise, to elements of SO(3), and remain close
to SO(3) in the presence of realistic noise, it has been

pointed out that in some cases one may be interested

in an estimate on SO(3). A possible solution was pro-
posed in [3, Section 3.4.2]. Next, an adaptation of [2,

Theorem 7] that also considers rate gyro bias, in the

absence of measurement noise, is proposed.

Theorem 6 Consider the estimate R̂ obtained from

the cascade attitude observer (5)-(6) in the conditions

of Theorem 1, considering null measurement noise. Fur-

ther suppose that Assumption 3 holds and Q is a pos-

itive definite matrix. Fix 0 < ǫ < 1. Finally, consider
that the initial estimate satisfies R̂ (t0) ∈ SO(3) and

define a new attitude estimate R̂f of the rotation ma-

trix R as follows:

– if
∥

∥

∥
R̂T R̂− I

∥

∥

∥
≤ ǫ, then the estimate R̂f is obtained

by projecting R̂ on SO(3), i.e.,

R̂f = arg min
X∈SO(3)

∥

∥

∥X− R̂
∥

∥

∥ ,
∥

∥

∥R̂T R̂− I
∥

∥

∥ ≤ ǫ;

– if
∥

∥

∥R̂T R̂− I
∥

∥

∥ > ǫ, propagate the estimate in open-

loop, as given by

˙̂
Rf = R̂fS

(

ωm − b̂ω

)

.

Then,

1. the projection of R̂ on SO(3), for
∥

∥

∥R̂T R̂− I
∥

∥

∥ ≤ ǫ,

is unique;

2. R̂f ∈ SO(3);

3. there exists ts such that
∥

∥

∥
R̂T (t)R̂(t)− I

∥

∥

∥
≤ ǫ for

all t ≥ ts and therefore R̂f corresponds to the pro-

jection on SO(3) of R̂ for all t ≥ ts; and

4. the error R̃f :=
∥

∥

∥
R− R̂f

∥

∥

∥
is bounded and

lim
t→∞

∥

∥

∥
R̃f

∥

∥

∥
= 0.

Moreover, the convergence is exponentially fast.

Proof To show the first part of the theorem, suppose

that
∥

∥

∥
R̂T R̂− I

∥

∥

∥
≤ ǫ and consider the singular value

decomposition R̂ = UΞV, where U and V are orthog-

onal matrices and Ξ is a diagonal matrix whose diag-

onal elements are non-negative real numbers. Then, it
follows that
∥

∥

∥R̂T R̂− I
∥

∥

∥ ≤ ǫ ⇔
∥

∥

∥(UΞV)
T
(UΞV)− I

∥

∥

∥ ≤ ǫ

⇔
∥

∥VTΞUTUΞV − I
∥

∥ ≤ ǫ

⇔
∥

∥VTΞΞV −VTV
∥

∥ ≤ ǫ

⇔
∥

∥Ξ2 − I
∥

∥ ≤ ǫ. (29)

Now, let σi > 0, i = 1, 2, 3, denote the diagonal ele-

ments of Ξ. With 0 < ǫ < 1, it follows from (29) that

0 <
√
1− ǫ ≤ σi ≤

√
1 + ǫ, i = 1, 2, 3.

Hence, if
∥

∥

∥R̂T R̂− I
∥

∥

∥ ≤ ǫ, then R̂ is nonsingular, which

allows to conclude that its projection on SO(3) is uniquely

defined, see [5]. The second part of the theorem fol-

lows by construction, since the initial estimate belongs

to SO(3) and both the projection and the open-loop
propagation yield estimates that belong to SO(3). In

the conditions of the theorem, in particular assuming a

positive definite matrix Q and in the conditions of The-
orem 1, it follows that the origin of the observer error

dynamics is a globally exponentially stable equilibrium

point, see [3, Theorem 3]. With that in mind, the proof
of the last two parts of the theorem follow similar steps

to [2, Theorem 7] and hence is omitted.

In practice, there is measurement noise. It is never-

theless clear that, after some time and for realistic noise,

the estimate on SO(3), R̂f , will always correspond to
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the projection on SO(3) of R̂, thus retaining the good

properties in terms of robustness to noise. This is so due
to the fact that, in practice, the sensor noise is bounded

and sufficiently small to obtain good estimates of the

attitude. To make this more clear, let R̃ := R − R̂.
This is directly related to the estimation error of the

observer, since x̃2 is a column representation of R̃. It is

possible to show, by direct computation, that

∥

∥

∥
R̂T (t)R̂(t)− I

∥

∥

∥
=

∥

∥

∥
R̃

T
R̃−RT R̃− R̃

T
R
∥

∥

∥
.

Since ‖R‖ = 1, it is clear that a bound for
∥

∥

∥R̃
∥

∥

∥ re-

sults in a bound for
∥

∥

∥
R̂T (t)R̂(t)− I

∥

∥

∥
. The result then

follows directly from Theorems 2, 3, and 6. Thus, for

sufficiently small bounded noise, it is possible to choose

0 < ǫ < 1 such that
∥

∥

∥R̂T (t)R̂(t)− I
∥

∥

∥ ≤ ǫ for all

t ≥ ts and therefore R̂f corresponds to the projection
on SO(3) of R̂ for all t ≥ ts.

It is also important to remark that the projection

on SO(3) is computationally inexpensive and a numer-
ically robust algorithm. Finally, given the covariance of

R̂, the covariance of the projection on SO(3) can also

be characterized, see e.g. [18].

6 Numerical results

In Section 3 the robustness of the overall attitude ob-

server (1)-(2) to bounded noise was assessed and the

results can summarized as follows: the estimation error
of the rate gyro bias observer (1) is bounded for all ini-

tial conditions provided that the measurement noise is

sufficiently small, with an upper bound given by (13).
Moreover, the smaller the measurement noise is, the

smaller the estimation error is. For the attitude observer

(2), the region of convergence is global. Moreover, the

smaller the measurement noise and the bias estimation
errors are, the smaller the attitude estimation error is.

These are the results that are of greater interest since,

in practice, the measurement noise is always bounded.

Nevertheless, it would be interesting to capture ex-

actly the region of convergence, and a bound for the
noise is given by (13), although this can be a conserva-

tive result. Unfortunately, the analytical computation

of this bound proves to be difficult, if not impossible,
since the closed-form eigenvalues of a positive definite

solution Q1 that satisfies (9)-(10) is not available. Nev-

ertheless, one can resort to numerical studies to evalu-

ate whether or not this region of convergence is suffi-
ciently large, in practice. In this section, Monte Carlo

simulations are presented to evaluate the region of con-

vergence of the rate gyro bias observer (1). The results

for (2) are not shown since, as detailed before, the re-

gion of robust convergence of this observer is global.

The simulation setup replicates the one described

in [3]. The observer parameters are α1 = 9.8
0.00810

−3,
α2 = 0.5

0.001510
−3, and β1 = β2 = 10−3. These param-

eters were adjusted empirically to obtain good estima-

tion results with the sensor suite described in [3]. Here,

a total of 400 runs are carried out, 20 runs for 20 differ-
ent noise levels, selected as follows. The noise of each

sensor is assumed to follow a zero-mean uniform distri-

bution, such that the noise is bounded. The bound on
the noise of each sensor increases linearly along these

20 levels, with the minimum and maximum values de-

scribed in Table 1. The initial estimate for the observer,

Table 1 Noise levels

Sensor Noise level 1 Noise level 20
Rate gyros 0.1 °/s 10 °/s

Accelerometers 0.098m/s2 1.96m/s2

Magnetometers 5× 10−3 gauss 0.1 gauss

in each run, follows a Gaussian distribution centered at
the true value and with standard deviation of 2 m/s2 for

the acceleration of gravity, 0.1 gauss for the magnetic

field, and 0.5 °/s for the rate gyro bias. The distribu-
tions of initial states that are considered are centered

at the true value because the goal here is to evaluate the

robustness to sensor noise and the observer was shown

to be robust for all initial conditions.

For each simulation, the highest absolute value of

the estimation error of each quantity was computed in
steady-state, which was assumed only after 240 s, to

eliminate possible slower convergence situations, even

though in practice steady-state is usually achieved around

120 s. Then, for each noise level, the maximum steady-
state error among all 20 runs was computed. This is

depicted in Figs. 1, 2, and 3. From these figures it

is clearly possible to identify the input-to-state stabil-
ity result derived in Theorem 2. Indeed, the higher the

noise level is, the higher the estimation error is, and the

change is roughly linear in this case, as expected. More-
over, notice in Table 1 that the noise reaches extremely

high values, which are not seen in practice. Even very

cheap inertial measurement units (IMUs) have much

better specifications. Hence, while the region of conver-
gence rn, given by (13), is not explicitly computed, it is

possible to see that the observer is robust, in practice,

to extremely high and very unlikely noise levels.
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Fig. 1 Maximum error, in steady-state, of the acceleration
of gravity estimate
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Fig. 3 Maximum error, in steady-state, of the rate gyro bias
estimate

7 Conclusions

The robustness to measurement noise in all sensors of a

cascade attitude observer with topological relaxations

was addressed in this paper, considering both bounded
noise and stochastic noise. The results can be summa-

rized as follows: for all initial conditions, as long as

the measurement noise (covariance) is within certain
bounds for the bounded-noise setting (for the Wiener-

based setting), the estimation error remains bounded in

the bounded-noise setting (the mean error converges to
zero and the error covariance remains bounded in the

Wiener-based setting). The results are coherent with

what could be expected: looking at the error dynam-

ics (7)-(8), it is possible to see that if no limitations
were imposed on the noise, one could always choose

particular signals such that the system would become

unstable. However, for reasonable values of the mea-
surement noise (small enough), the system is robust to

noise. An additional construct was provided that yields

estimates directly on SO(3). To conclude, it was shown
with Monte Carlo simulations that, for practical pa-

rameters of the attitude observer, robustness is exhib-

ited for very high noise levels, not even typical of the

cheapest IMUs.
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A First and second moments of linear

stochastic differential equations

For linear stochastic differential equations there exist ordi-
nary differential equations for computing the first and second
moments of the stochastic process, see e.g. [9, Section 3.4.3].
Consider the linear stochastic differential equation

dx = [AAAx+ a] dt+
n
∑

i=1

[BBBix+ bi] dξi,

where x ∈ R
n, AAA ∈ R

n×n, a ∈ R
n, BBBi ∈ R

n×n, bi ∈ R
n,

and ξ = [ξ1 . . . ξn]
T ∈ R

n is a n-dimensional Wiener process.
Let m := E {x} ∈ R

n and P = E
{

xxT
}

∈ R
n×n denote the

mean and second moment of x, respectively. Then,

ṁ =AAAm+ a, m (t0) = x0,

and

Ṗ = AAAP+PAAAT +maT + amT

+
n
∑

i=1

[

BBBiPBBBT
i + bib

T
i +BBBimbTi + bim

TBBBT
i

]

, (30)

with P (t0) = x0x
T
0 .


