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Pedro Lourençoa,∗, Pedro Batistaa,b, Paulo Oliveiraa,c, Carlos Silvestrea,d

aInstitute for Systems and Robotics, Laboratory for Robotics and Engineering Systems,
Portugal.
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Abstract

This paper proposes a novel filter for sensor-based bearing-only simultaneous
localization and mapping in three dimensions with globally exponentially stable
(GES) error dynamics. A nonlinear system is designed, its output transformed,
and its dynamics augmented so that the proposed formulation can be considered
as linear time-varying for the purpose of observability analysis. This allows the
establishment of observability results related to the original nonlinear system
that naturally lead to the design of a Kalman filter with GES error dynamics.
The performance of the proposed algorithm is assessed resorting to real experi-
ments based on the Rawseeds dataset as well as further realistic simulations.

Keywords: Simultaneous localization and mapping, 3-D mapping, Sensor
fusion, Monocular vision, Global exponential stability

1. Introduction

Navigation using directions to known sources has been in use for centuries.
Initially, in marine applications, several tools to measure the elevation of stars
such as sextants and mariner’s astrolabes were employed to derive the position
of ships, and lighthouses were used in triangulation techniques. In the last5

century, aviation brought into use more advanced technologies supported on
bearings (azimuth and/or elevation) readings: the automatic direction finder
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(ADF), the VHF omnidirectional range (VOR), and the instrument landing
system (ILS) are the most common still in use today. The advent of global
positioning systems has gradually replaced the use of these techniques, but10

in GPS-denied environments, aided relative algorithms are still called for to
navigate unmanned vehicles. A family of algorithms that addresses this issue
is simultaneous localization and mapping (SLAM), a concept introduced in the
scientific community in the 1980’s [1] and first coined in [2].

The most studied version of the SLAM problem is what is called range-15

bearing SLAM, where the coordinates of measured landmarks are readily avail-
able (see [3] and [4] for a survey on the algorithms proposed in the first decades
of SLAM research, [5] for a more up to date review focused in the recent theoret-
ical achievements and [6] for an overarching survey on the history and remaining
present and future challenges of SLAM, e.g., robustness and scalability, within20

others). This is known in the scientific community as fully observable SLAM,
as a single measurement is sufficient to estimate landmark positions. However,
there are versions of the problem that omit one of the two informations avail-
able, either range-only SLAM (RO-SLAM) or bearing-only SLAM (BO-SLAM).
These approaches are named partially-observable, as a single noise-free observa-25

tion provides only a line or surface as an estimate for the position of a landmark.
The bearing-only case is even more difficult to treat than the range-only one,
because an observation corresponds to an unbounded region. This raises seri-
ous issues on the initialization of a landmark, which has been the main topic of
research in partially-observable SLAM, yielding initially only delayed solutions,30

i.e., algorithms that try to obtain a preliminary landmark estimate from readings
at different viewpoints before introducing the initial estimate into the filter. This
can be done through triangulation or more advanced probabilistic approaches,
using, for example, a sum of Gaussians [7] or deferring the initialization until
an approximately Gaussian estimate is achieved [8]. There were some notable35

exceptions in [9] and [10] that recur to multiple hypothesis directly in the filter.
More recently, algorithms with undelayed initialization, at least to some extent,
have been proposed. The concept of inverse depth parametrization [11] was
inspired by computer vision and it brought to bearing-only EKF-SLAM several
advantages, as the inverse depth has better linearity and allows for very low40

parallax features. However, it requires a six-dimensional (6-D) representation
of the feature state, instead of the traditional tridimensional (3-D) representa-
tion. In this case, feature depth, or rather, inverse depth, is initialized with a
generic prior that accounts for statistically feasible depths. Another technique
was proposed in [12], where the authors transform the measurement in image co-45

ordinates to a 3-D vector in camera coordinates by assuming an arbitrary depth
while defining a very large covariance for that measurement. Even though these
two approaches brought a fresh perspective to the field and seem to have good
results in practice, there are no guarantees of convergence.

Although research in BO-SLAM is not as prolific as it is in range-bearing50

SLAM, the community has provided several approaches depending on the un-
derlying filtering technique and the sensors used. Most algorithms are based
on extended kalman filters (EKF). However, some methods are inspired on
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expectation-maximization or particle filters (see [13] for a comparison of these
approaches). Another source of diversity in BO-SLAM algorithms is the type of55

sensor used. Even though bearing-only localization is historically related to the
computation of the angle-of-arrival of signals from beacons through the time dif-
ference of arrival at different elements of a receiving array, BO-SLAM is mostly
associated with monocular vision [14] or even catadioptric omnidirectional sys-
tems [15], even though there are still BO-SLAM systems using acoustic sensors60

[16]. Monocular SLAM and other vision-based algorithms have been the focus
of a proficuous research effort, yielding several relevant algorithms, of which one
of the most important is [17], as it was one of the first real-time SLAM algorithm
with a single camera as the only data source (even though it was preceded in
computer vision by [18]). This algorithm initializes features as semi-infinite lines65

lying in the direction of the detected features. Other, more recent, approaches
vary in application, the way features are handled, and the underlying filtering
engine. For example, [19] represents a departure from the usual exploitation
of the ubiquity of cameras, as it presents possible new applications. In this
case, underwater hull inspection. Other interesting approach is ORB-SLAM70

[20] that uses ORB features [21] which are rotation invariant, as SURF features
[22], and have faster extraction. The main algorithm performs feature tracking
and on top has external loop closing and re-localization procedures. Demon-
strating the possibilities of graph-based solutions, the authors of [23] introduce a
closed-form pose-chain optimization algorithm that uses sparse graphs as well as75

appearance-based loop detection. Another very important approach to monoc-
ular SLAM was imported from computer vision, where structure-from-motion
(SFM) has been a subject of research for many years [24]. In that field, there
have been some notable advances that can be related to BO-SLAM, such as [18],
where the authors propose an EKF to address SFM in real-time and perform a80

characterization of observability and minimal realization. Also in SFM, bundle
adjustment (BA) techniques [25] have become the standard. In bearing-only
SLAM this concept is much more recent, but there have been notable efforts as
detailed in [26]. There the authors perform a comparison between established
bundle-adjustment and filtering techniques, concluding that in general BA has85

a better accuracy/computational cost ratio than EKF filtering. However, it is
also mentioned that BA procedures have no general robustness to initializa-
tion parameters and that filters may be more capable of dealing with the high
uncertainty present in that phase.

One of the greatest problems in any SLAM framework is data association. In90

range-bearing SLAM this issue is mostly solved and there are several different
algorithms that tackle it. In BO-SLAM, however, there are extra difficulties
in the initialization process. Some approaches try to deal with all hypothe-
sis when initializing [27], but vision-based algorithms may use image informa-
tion if the frame-rate is high enough to disambiguate measurements. This was95

the approach followed successfully by the authors in a previous work in range-
bearing SLAM [28], and recovered for the algorithm presented in this paper.
Feature extraction provides tools with which to distinguish different features,
that can be combined with well tested association methods, such as the sequen-
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tial compatibility nearest neighbour or joint compatibility branch and bound100

[29]. Connected with the association problem is the issue of loop closing, i.e.,
the ability to recognize previously visited terrain. Before the widespread use of
vision in SLAM, loop closing was based on landmark position or map-to-map
comparison, or scan matching when dealing with laser range finders. With the
information present in images, other possibilities arose, such as image-to-image105

or image-to-map correspondence. These are discussed at length in [30].
This work proposes a solution to the initialization problem by introducing a

BO-SLAM algorithm with exponentially fast global convergence, which allows
for undelayed initialization at any arbitrary depth. With its tridimensional (3-
D) sensor-based approach, the pose of the vehicle is eliminated from the filter110

state and the inclusion of odometry-like measurements and relative bearings
comes naturally. This aspect, coupled with a state augmentation and output
transformation, leads to the design of an LTV system whose observability is
analysed in this paper, resulting in constructive conditions with clear physical
insight that are important for motion planning. The underlying idea of this115

paper is influenced by the source-localization algorithm presented in [31], as the
proposed filter results from similar state and output transformations. This work
was first presented in a conference version in [32], and is herein presented with
new observability results, complete proofs and experimental validation using
a monocular camera, and data from a widely available dataset, the Rawseeds120

dataset [33, 34].

1.1. Paper organization and notation:

The paper is organized as follows. A short description of the problem, with
the definition of the system dynamics, is presented in Section 2. Section 3 de-
tails the proposed solution, including the observability analysis and filter design.125

The implementation of the algorithm is described in Section 4 including land-
mark detection, data association, and loop closing procedures. Experimental
results based on the Rawseeds dataset are described and discussed in Section 5,
accompanied by simulation results, whereas in Section 6 the concluding remarks
and direction for further research are provided.130

The following symbol convention is used in this paper: vectors are repre-
sented in bold small letters, matrices in bold capital letters and scalar symbols
are expressed in italic, constants by capital letters, and variables in small let-
ters. The superscript E indicates a vector or matrix expressed in the Earth-fixed
frame {E}. For the sake of clarity, when no superscript is present, the vector is135

expressed in the body-fixed frame {B}. In is the identity matrix of dimension
n, and 0n×m is a n by m matrix filled with zeros. If m is omitted, the ma-
trix is square. S [a] is a special skew-symmetric matrix, henceforth called the
cross-product matrix, as S [a] b = a× b with a,b ∈ R3.

2. The bearing-only SLAM problem140

Consider a vehicle operating in a static environment, capable of measuring
the relative azimuth and elevation of landmarks installed in unknown locations,
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as well as its linear and angular velocities in its own reference frame. Possible
examples are ground robots equipped with wheel encoders, or aerial vehicles
equipped with optical flow sensors and an altimeter. Both of these assisted145

by an inertial measurement unit (IMU) to measure the angular velocities and
a camera or an acoustic/electromagnetic receiver to detect landmarks. The
landmarks can be artificial or natural, i.e., previously installed or extracted
from the scenery. This situation falls under the scope of BO-SLAM, which is
the problem of navigating a vehicle in an unknown environment, building a150

map of metric landmarks by measuring bearings and using this map to deduce
its location, without the need for a priori information about landmark inertial
location.

2.1. The sensor-based approach

The sensor-based approach, or, as it is commonly known in the SLAM com-155

munity, the robocentric approach to SLAM has been proven more consistent
than its inertial, world-centric, counterpart [35]. Furthermore, previous observ-
ability studies using piece-wise linearizations showed that this approach becomes
fully observable in two time steps, in opposition to what happens in the world-
centric case [36]. In addition, in this family of problems where the measurements160

are all expressed in local coordinates it makes sense to operate in a sensor-based
framework, as it is a way of avoiding the inclusion of the pose of the vehicle in
the filter state, one of the main sources of nonlinearity. That is the idea behind
the nonlinear system that underlies the filter to be detailed. Paramount to the
sensor-based idea is the fact that only the relative coordinates of the map with165

respect to the vehicle are estimated. In fact, it is possible to achieve similar
results in a world-centric strategy, as long as this relative property is kept and
external estimates for the attitude are available. An example of this, inspired
in the authors sensor-based approach to SLAM [37, 38, 28] and the theoretical
results associated, is given in [39]. Earth-fixed global estimates can still be ob-170

tained from relative information using an algorithm such as the one proposed
in [40, 41], using at least two landmarks as anchors with known coordinates,
or acquiring an external estimate of the attitude of the vehicle (e.g. with an
Attitude Heading Reference System [42]). Recall the situation described above,
and consider two different reference frames. One fixed to the vehicle, denoted175

as body-fixed frame {B}, and the other fixed in the environment, denoted as
the Earth-fixed frame {E}. The two frames are related through the rotation
matrix R(t) ∈ SO(3) and the translation Ep(t) ∈ R3. The former represents
the attitude of the vehicle and satisfies Ṙ(t) = R(t)S [ω(t)], where ω(t) ∈ R3 is
the angular velocity of the vehicle expressed in {B}. Similarly, the translation180

represents the position of the vehicle in the Earth-fixed frame, coincident with
the origin of the body-fixed frame expressed in {E}.

The environment, i.e., the map, consists of N static landmarks Epi ∈ R3

that compose the landmark set M = {1, . . . , N}. Depending on the pose of
the vehicle, some of these landmarks may be visible or not, which motivates
the definition of two subsets of landmarks, Mo = {1, . . . , NO} and Mu =
{NO+1, . . . , N}. The first contains the NO observed or visible landmarks while

5



the latter contains the unobserved, or non-visible, ones. Note that, without
loss of generality, the landmarks are ordered for simplicity of analysis. In the
body-fixed frame, the i-th landmark is denoted by pi(t) = RT (t)

(
Epi − Ep(t)

)
and its derivative satisfies

ṗi(t) = −S [ω(t)] pi(t)− v(t),

where v(t) ∈ R3 is the linear velocity of the vehicle expressed in its own frame.
From the problem definition, it is known that both the linear and the angular

velocities are measured, as well as relative bearings to the landmarks. This last
quantity is described by the unit vector bi(t) that defines the line between the
position of the vehicle and landmark i, and is given by

bi(t) =
pi(t)

‖pi(t)‖
∈ S(2),

with i ∈ Mo. As the information this measurement carries is limited, not only
several measurements from the same landmark are needed to unambiguously185

determine its position but also some measure of scale is required. This is pro-
vided by the linear velocity measurements and it is the reason why they must
be available.

This section culminates naturally with the nonlinear system that puts all
this information together. The positions of the landmarks in the body-fixed
frame are its states, the linear and angular velocities are the inputs, and the
measured quantities are its outputs (bi(t)). The resulting system model is

ṗi(t) = −S [ω(t)] pi(t)− v(t)

bj(t) =
pj(t)

‖pj(t)‖
(1)

where i ∈M and j ∈Mo. The output bj(t) can be stacked in a column vector

to obtain b(t) =
[
bT1 (t) · · · bTNO (t)

]T
.190

2.2. Problem statement

The problem addressed in this paper is that of designing a navigation system
for a vehicle operating in the environment here described, by means of a filter
for the dynamics in (1), assuming noisy measurements. The algorithm consists
of a BO-SLAM filter in the space of sensors, and, therefore, the pose of the195

vehicle is deterministic as, by construction, it corresponds to the position and
attitude of the body-fixed frame expressed in that same frame.

3. Proposed solution: GES BO-SLAM

The system presented in the last section is still nonlinear, even though the
sensor-based approach allowed one to avoid including the pose of the vehicle in200

the dynamics. In some problems, where the nonlinearity occurs in the output
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equation, a state augmentation can help to remove the nonlinearity, as was done
successfully in [38], where the idea was applied to RO-SLAM. In this paper,
the proposed solution relies on an output transformation that leads to a state
augmentation, inspired by the results presented in [31].205

3.1. State augmentation and output transformation

The objective of this subsection is to obtain a linear-like system that mimics
the dynamics of the original nonlinear system while avoiding the nonlinearity
on the bearing output. Consider then the following physically sensible mild
assumption.210

Assumption 1. The position of the vehicle cannot coincide with a landmark,
i.e., a visible bearing vector is always defined.

With this in mind, the manipulation of the output of (1) yields

pi(t)− bi(t)‖pi(t)‖ = 0, i ∈Mo. (2)

If the norm of the i-th landmark is added as a state, this expression becomes in
fact linear. That is the idea behind the augmented state

xF (t) :=
[
xTL(t) xTR(t)

]T
,

where xL(t) ∈ RnL is the stacking of all landmarks, both visible and non-visible,
and xR(t) ∈ RnR agglomerates all the norms of the landmarks, i.e., the distance
from each landmark to the vehicle. These correspondences are summarized by
the state constraints {

xLi(t) := pi(t)

xRi(t) := ‖xLi(t)‖
, (3)

for all i ∈ M, where xLi(t) ∈ R3 and xRi(t) ∈ R are i-th components of the
landmark subscript L) and range (subscript R) state vectors, respectively. Note
that both the landmark and range states are composed by visible and non-visible215

parts, denoted by subscripts O and U respectively.
Consider the derivative of the range state, given by

ẋRi(t) = −
xTLi(t)

xRi(t)
v(t)

which is needed to write the full state dynamics. When a landmark is observed

and its bearing is available, the quotient
xLi (t)

xRi (t)
can be replaced by the bearing

bi(t) for all i ∈Mo. Knowing this, the resulting system reads{
ẋF (t) = AF (t) xF (t) + BF (t,b(t),xLU (t),xRU (t))v(t)

y(t) = CF (t,b(t)) xF (t)
, (4)
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where the dynamics matrix is

AF (t) =

[
AL(t) 0nL×nR

0nR×nL 0nR×nR

]
with component AL(t) = −diag (S [ω(t)] , . . . ,S [ω(t)]). The input matrix is
given by

BF (t,b(t),xLU (t),xRU (t))=

[
BL

BR(t,b(t),xLU (t),xRU (t))

]
where BL = −

[
I · · · I

]T ∈ RnL×3 and

BR(t,b(t),xLU (t),xRU (t)) =

−
[
b1(t) · · · bNO (t)

xLNO+1
(t)

xRNO+1
(t) · · · xLN (t)

xRN (t)

]T
.

The output matrix is

CF (t,b(t)) =
[
InO 0nO×nU Cb(t,b(t)) 0nO×NU

]
, (5)

with Cb(t,b(t)) = − diag (b1(t), . . . ,bNO (t)). Finally, the output is y(t) =[
0nO×1

]
.

Remark 1. The measured quantities bi(t) are signals external to this aug-
mented system that tie it to the original nonlinear one. They can be seen as220

inputs, available for observer design purposes, and they provide the information
necessary in the output equation, which is identically zero. The observability
analysis in the next subsection addresses these issues.

Even though the output nonlinearity as first brought up disappeared with
the state augmentation and output transformation proposed in this section, the225

process introduced two new non-linearities. The first is on the input matrix, as
it depends both on a measured quantity, the bearing, and on the state, when
the measurement is not available. The second is on the output matrix that also
depends on a measured quantity. However, the presence of the measurement
in the input and output matrices is not really a problem, as, for observability230

purposes, a system whose dynamics matrix depends on known quantities can
be seen as a linear time-varying (LTV) system. The presence of the state in
the input matrix only affects the non-visible landmarks (xLU (t) and xRU (t)).
These are not observable, and therefore will be propagated in open loop.

Another important aspect that must be stressed is the fact that the there is235

nothing in the augmented system (4) that imposes the constraints (3), particu-
larly the nonlinear relation xRi(t) = ‖xLi(t)‖, and as such the relation between
the nonlinear and the augmented systems must be carefully analysed.

The current state-of-the-art approach in BO-SLAM filters, inverse depth-
based algorithms [11], also employs a state augmentation to try to cope with the240

8



nonlinearity in the measurement model. In that case, each feature is represented
by a 6-D vector containing the camera coordinates from the first sighting, the
inverse depth and the image coordinates. The approach presented in this paper
is also not minimal, but has lower dimensionality and ensures that the system
is truly linear time-varying which is important for observability, stability, and245

convergence purposes as explained in the subsequent subsections.

3.2. Observability analysis

The subject of this subsection is the observability analysis of the nonlinear
and augmented systems presented previously. The augmented system (4) con-
tains non-visible landmarks and associated ranges that are clearly not observable250

as the corresponding bearing is not available. Hence, in the observability analy-
sis, the non-visible landmarks and the associated ranges are discarded, following
the successful approach first used by the authors in [37] and [28]. Furthermore,
since each landmark-range-bearing group is independent of the others, it is pos-
sible to simplify the analysis greatly by assuming that only one landmark is255

visible, i.e., Mo := {1}.
The new reduced system is given by{

ẋ(t) = A(t)x(t) + B(t)v(t)

y(t) = C(t)x(t)
(6)

where the dynamics matrix is

A(t) =

[
−S [ω(t)] 03×1

01×3 0

]
,

the input matrix is

B(t) =

[
−I3
−bT1 (t)

]
,

and the output matrix is

C(t) =
[
I3 −b1(t)

]
.

The dependence of the input matrix on the non-visible landmarks and ranges
has disappeared with the reduction of the state of this system. However, both
the input and the output matrices still depend on the visible bearing. Given that
this quantity is a known function of time, the reduced system can be considered260

as linear time-varying for observability analysis and observer design. In fact, as
shown in [43, Lemma 1], if the observability Gramian associated with a system
whose dynamics matrix depends on the system input and output is invertible,
then the system is observable. This result will be exploited throughout this
subsection.265

The forthcoming analysis requires the definition of Eb1(t) = R(t)b1(t) as
the Earth-fixed or absolute bearing. This theorem addresses the observability
analysis of system (6) regarded as LTV.
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Theorem 1. Take system (6), regarded as LTV, and let T := [t0, tf ]. The
system is observable in T if and only if the absolute bearing associated with270

the visible landmark is not constant in T , i.e., there exists a t1 ∈ T such that
Eḃ1(t1) 6= 0.

Proof. Consider the Lyapunov transformation (see [44] for details)

z(t) = T(t)x(t)

where T(t) = diag (R(t), 1) preserves the observability properties of the original
system. It is a matter of computation to obtain the transformed system, given
by {

ż(t) = B(t)v(t)

y(t) = C(t)z(t)
(7)

where the input matrix is

B(t) =

[
−R(t)

−bT1 (t)

]
,

and the output matrix is

C(t) =
[
RT (t) −b1(t)

]
.

The proof, made by contraposition, will follow with the transformed system for
simplicity of analysis. This system is assumed not observable, which, using [43,
Lemma 1] implies that the observability Gramian is singular. Then it is shown275

that the conditions of the theorem cannot hold.
Given the nature of (7), it is clear that its transition matrix is φ(t, t0) = I.

With the transition matrix at hand, the observability Gramian given by

W(t0, tf ) =

tf∫
t0

(C(τ)φ(τ, t0))
T C(τ)φ(τ, t0)dτ (8)

can now be analysed.
Suppose that the LTV system (6) is not observable, meaning that the trans-

formed system is also not observable, which implies that the observability Gramian
(8) is singular. Then, there exists a unit vector c :=

[
cTp cr

]
∈ RnZ such that

cTW(t0, tf )c =

tf∫
t0

‖f(τ, t0)‖2dτ (9)

is zero. In that case, the function f(τ, t0), given by

f(τ, t0) = RT (τ)cp − b1(τ)cr, (10)

must be zero too for all τ ∈ T . The following condition arises after left multi-
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Ep(t1)
Ep(t2)

Landmark

Ev(t1)

Eb1(t1)
Eb1(t2)

Figure 1: Triangulation for positioning a landmark.

plication of (10) by R(τ)

Eb1(τ)cr = cp, ∀τ ∈ T .

From this it follows that Eb1(τ) must be constant for all τ ∈ T , which con-
tradicts the conditions of the theorem. Hence, if the system is not observable,
the conditions of the theorem cannot hold. Therefore, by contraposition, if the280

conditions of the theorem do hold, the transformed system (7) is observable,
and, as it is related to the LTV system (6) through a Lyapunov transformation,
the latter is also observable, thus concluding the first part of the proof.

For the necessity part, assume that the conditions of the theorem do not
hold, i.e., Eb1(t) = Eb1(t0). In that case, if it is possible to find a unit vector
c such that (9) is zero, then the system is not observable, thus proving the
necessity of the conditions. Under this assumption, (10) becomes

f(τ, t0) = RT (τ)(cp − Eb1(t0)cr).

Choosing cp = Eb1(t0)cr and cr =
√
2
2 , it is clear that f(τ, t0) = 0 for all τ ∈ T .

Then, it is possible to conclude that (9) is zero, which means that the system285

is not observable. Hence, by contraposition, if the system is observable, the
conditions of the theorem must hold, thus concluding the proof of the necessity
part of the theorem.

Remark 2. The sufficient and necessary condition introduced by this theorem is
in fact a requirement on the motion of the vehicle. For the system to be observ-290

able, i.e., in order to be possible to obtain the initial condition of a landmark,
the trajectory of the vehicle must not be restricted to the line described by the
absolute bearing as exemplified in Figure 1.

This theorem established sufficient and necessary conditions for the observ-
ability of the system (6) that is a reduced version of the augmented nonlinear295

system (4). Given that the discarded states are not observable and do not influ-
ence the others, the two systems are equivalent in what concerns observability,
when discarding the non-visible landmarks. Hence, this result also applies to

11



the augmented system with a note of caution: when dealing with multiple land-
marks, the observability condition requires that, in the considered time interval,300

all landmarks must be visible in instants where the vehicle did not travel in
their direction. This does not mean that all landmarks should be visible at the
same time, but that in the time intervals in which each landmark is visible the
conditions of Theorem 1 must hold. As to the original nonlinear system, this
observability result cannot be extrapolated without special attention. Recall305

that although the augmented system (4) mimics the dynamics of the nonlinear
one, there is nothing imposing the state relations (3). The sequel addresses this
aspect, following the approach in previous works such as [31] and [38].

Theorem 2. If the conditions of Theorem 1 and Assumption 1 hold, then:

(i) the state of the original nonlinear system (1) and that of the LTV system310

(6) are the same and uniquely determined, and the constraints (3) are
imposed by the dynamics;

(ii) an observer for the LTV system with globally exponentially stable error
dynamics is also a state observer for the underlying nonlinear system with
error dynamics that converge exponentially.315

Proof. Once more, the proof will focus on the transformed system (7) for sim-
plicity of analysis. The output of this system is y(t) = 0.

Consider the time evolution of the transformed LTV system

z(t) = φ(t, t0)z(t0) +

t∫
t0

φ(t, τ)B(τ)v(τ)dτ.

It is a matter of computation to obtain

zL1
(t) = zL1

(t0)−∆p(t, t0) (11)

where ∆p(t, t0) =
t∫
t0

R(τ)v(τ)dτ , and

zR1
(t) = zR1

(t0)−
t∫

t0

bT1 (τ)v(τ)dτ. (12)

Noting that d
dt‖p1(t)‖ = −bT1 (t)v(t), it is also possible to write

R(t)p1(t) = R(t0)p1(t0)−∆p(t, t0) (13)
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and

‖p1(t)‖ = ‖p1(t0)‖ −
t∫

t0

bT1 (τ)v(τ)dτ. (14)

From the output of the transformed system (7) and using (11) and (12), it
follows that

RT (t)zL1
(t0)−RT (t)∆p(t, t0)− b1(t)zR1

(t0)− b1(t)

t∫
t0

bT1 (τ)v(τ) = 0,

which, left-multiplying by R(t) and using the inverse transformation x(t) =
T−1(t)z(t), can be manipulated to yield

R(t0)xL1
(t0)−∆p(t, t0)− Eb1(t)xR1

(t0)− Eb1(t)

t∫
t0

bT1 (τ)v(τ) = 0.

Finally, recalling that the output of the original nonlinear system (1) can be
expressed as (2) if Assumption 1 holds, and using the explicit relations of the
nonlinear state with the initial conditions in (13) and (14), it is possible to write

R(t0)p1(t0)−∆p(t, t0)− Eb1(t)‖p1(t0)‖ − Eb1(t)

t∫
t0

bT1 (τ)v(τ) = 0.

The comparison of these two expressions yields

R(t0) (xL1
(t0)− p1(t0)) = Eb1(t) (xR1

(t0)− ‖p1(t0)‖) ,

for all t ∈ T . If the conditions of the theorem hold, then Eb1(t) is not the same
for all time, and thus both the left-hand and right-hand sides must be zero,
which implies that

xL1
(t0) = p1(t0)

and

xR1
(t0) = ‖p1(t0)‖.

The initial conditions of both systems are proven to be the same, and, as their
dynamics are the same by construction, the states do indeed correspond to
each other and the state constraints (3) are imposed by the dynamics when the320

conditions of the theorem hold, hence concluding the first part of the proof.
The proof of the second part of the theorem follows directly from the first.

As the state of the LTV system (6) corresponds to that of the underlying non-
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linear system when discarding the non-visible landmarks if the conditions of the
theorem hold, the estimates of an observer with globally exponentially stable325

error dynamics will converge exponentially fast not only to the true LTV state
but also to the state of the nonlinear system (1).

The two previous results address the observability of the LTV system and the
correspondence between the states of that and of the original nonlinear system.
Combining the two results, it is possible to determine in which conditions the330

nonlinear system is observable, when the non-visible landmarks are discarded.
The following theorem addresses this issue.

Theorem 3. The nonlinear system (1) is observable, when discarding the non-
visible landmarks, if and only if the conditions of Theorem 1 and Assumption 1
hold.335

Proof. The sufficiency part of the proof is readily provided by Theorems 1 and
2. The former establishes conditions for the observability of the LTV system (6)
and the latter relates the state of that system to that of the nonlinear system
in analysis. For the necessity part of the proof, note that if, for the same input,
there exist two initial conditions that lead to the same output at all times, then340

the system is not observable. Assume then that the conditions of the theorem
do not hold, and recall the output of the nonlinear system (1). Given that
Eb1(t) is constant, the vehicle can only move in the line defined by its initial
position and the landmark, which means that any initial state corresponding to
a landmark defined in that line will yield the same output, thus implying that345

the system is not observable when the conditions do not hold, or, conversely, if
the system is observable, the conditions must hold.

3.3. Filter design

The results of the previous subsection show that, in certain conditions with
physical insight, the augmented system is equivalent to the nonlinear system,350

and that if a filter with GES error dynamics can be constructed to the LTV sys-
tem, it will also be applicable to the original nonlinear system. It can be shown
that the error dynamics of the Kalman filter for linear time-varying systems
are globally exponentially stable if the pair (A(t),C(t)) is uniformly completely
observable, a form of observability stronger than the ones addressed previously.355

This result can be achieved following the steps in [45, Example 8.11] and [46].
This last theorem addresses the uniform complete observability of the LTV sys-
tem.

Theorem 4. Let Tδ := [t, t + δ]. The pair (A(t),C(t)) associated with the
system (6), regarded as LTV, is uniformly completely observable if there exist
positive constants δ and αb such that, for all t ≥ t0, it is possible to find a
t1 ∈ Tδ for which the absolute bearing to the visible landmark respects∥∥∥∥∥∥

t1∫
t

Eḃ1(τ)dτ

∥∥∥∥∥∥ ≥ αb. (15)
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Proof. The proof, provided in Appendix AppendixA, follows similar steps to the
proofs of Theorem 1, but considering uniform bounds for all t ≥ t0 and intervals360

[t, t+ δ].

A Kalman filter for LTV systems can now be implemented for (4), and it is
done so in its discrete version. Considering additive disturbances, the discretized
system for time-steps of length Ts is given by{

xFk+1
= FFkxFk + TsBFkvk + ξk

yk+1 = CFk+1
xFk+1

+ θk+1

, (16)

where the dynamics matrix is

F̂Fk =

[
FLk 0nL×nR

0nR×nL InR

]
, (17)

with FLk = diag
(
RT
k+1Rk, . . . ,R

T
k+1Rk

)
and RT

k+1Rk = e−S[ωk]Ts . The vec-

tors ξk and θk represent the model disturbance and measurement noise, respec-
tively. They are assumed to be zero-mean discrete white Gaussian noises with
covariances Ξk and Θk. This is an approximation of the real noise descrip-365

tions, since the presence of the angular velocity in FLk and of the measured
bearings in BFk introduces multiplicative terms. The prediction and update
equations are the standard LTV Kalman filter equations [47], with the detail
that the non-visible landmarks must be propagated in open loop and that the
optimality of the filter is lost due to the noise approximation above. However,370

the convergence and stability properties are maintained.

4. Algorithm implementation

This section addresses the practical implementation of the filter introduced
in the previous section. Aside from the Kalman filter that serves as the es-
timation engine of the algorithm, there are several other relevant components375

that need to be discussed. Given that the primary exteroceptor in the proposed
implementation is a camera, and only natural landmarks are being dealt with,
there needs to exist a feature detection process and a consequent landmark as-
sociation stage. Therefore, this section starts by explaining how the algorithm
extracts bearings from the images provided by the camera, bearings that are380

then used in the update step of the Kalman filter.

4.1. Obtaining bearing measurements from a camera

The first step in obtaining bearing measurements to landmarks from an im-
age is feature detection. This step takes place every time a new image is available
from the installed camera. This image is fed to a SURF implementation [22],385

which detects points-of-interest (features) on 2-D pictures of the environment.
Aside from the measured feature locations in image coordinates fmi , SURF also
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provides a metric to determine which features have higher quality (the hessian),
a characteristic that distinguishes types of features (the laplacian), and a 64-
dimensional descriptor for association. After feature detection, some processing390

is necessary before the insertion of these measurements in the filter. Note, how-
ever, that this processing serves only the purpose of transforming the features
from image coordinates to bearings in body-fixed coordinates, as the landmarks
are initialized undelayed.

Transforming image coordinates to bearings. This step depends greatly on the
used camera model. This work uses a model [48] that relates the undistorted
normalized coordinates f i ∈ R2 with the measured coordinates, given by

fdi =
(
1 + k1c‖f i‖2 + k2c‖f i‖4 + k5c‖f i‖6

)
f i + di

di =

2k3cxiyi + k4c
(
‖f i‖2 + 2x2i

)
2k4cxiyi + k3c

(
‖f i‖2 + 2y2i

)


fmi =

f1c αcf
1
c c1c

0 f2c c2c

fdi

1


. (18)

where fdi ∈ R2 are the distorted feature coordinates, di is the tangential distor-395

tion, and the remaining quantities are the intrinsic model parameters: f jc is the
camera focal length on each axis j = 1, 2; the cjc, with j = 1, 2, are the principal
point coordinates; kjc , for j = 1, . . . , 5, are the distortion coefficients; and αc is
the skew coefficient.

This model was chosen because it is the one used by the authors of the400

Rawseeds dataset [33, 34] from which the data for the experiments detailed in
this paper was obtained. To solve (18) for the normalized feature coordinates,
consequently removing distortion and projection, the calibration toolbox [49] is
employed.

From the normalized feature locations, given by

f i =
[
xi
zi

yi
zi

]T
,

it is possible to compute a normalized range,

r̄i =
√
‖f i‖2 + 1 = |zi|−1

√
x2i + y2i + z2i .

Noting that zi is always positive due to the limited field of view of the camera,
it can be seen that this is also equal to the norm of the three-dimensional
point normalized by the z coordinate. Careful observation of the information
available, (f i, r̄i), it is clear that it is possible to compute directions to the
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landmarks, i.e., pi
‖pi‖

, which are then given by

bi =
pi
‖pi‖

=


xi
zi

yi
zi

zi
zi

 zi
‖pi‖

=

f i

1

 1

r̄i
.

Following this process, the remaining step before the actual update step of the405

filter is landmark association, the subject of the sequel.

4.2. Landmark association

In typical bearing-only algorithms, data association is sometimes not an is-
sue, as the measurements originate from identified acoustic or RF signals. How-
ever, when monocular vision is utilized to obtain the bearing measurements,410

as is the case here, association becomes extremely important. Due to this im-
portance, several algorithms stemming from a fertile research effort in the field
have appeared. This is not the focus of this paper and any method could be
employed. A brief description of the chosen methodology is included for the
sake of completeness.415

The first step in this process is to define the sets to associate with. A
maximum number Nmax of observed features is defined and the Nmax features
with highest metric are chosen. Then, the set of landmarks in the current
map to associate is defined as the ones within the field-of-view (FOV) of the
camera (only azimuth and elevation are checked). Both sets are divided in two,420

depending on the sign of the Laplacian of each feature/landmark.
The next step avails itself of the possibilities permitted by the image process-

ing procedure used, namely the description of the landmarks by labels invariant
and robust to several transformations. This follows a previous successful imple-
mentation by the authors in [28], where the landmarks are first associated with
respect to their descriptor, with individual compatibility gating based on the
Mahalanobis distance of the measurement (2). The process is summarized in
the following steps: (i) the filtered landmarks inside the predicted FOV are se-
lected for possible association; (ii) the observed features and selected landmarks
are divided according to their Laplacian; (iii) the differences between descrip-
tors for all combinations of pairs of observed-filtered landmarks are computed;
(iv) the pair with the lowest difference is selected and its Mahalanobis distance
[29], given by

mij = (yik −Cik x̂k)T
(
CikΣkC

T
ik

+ Θik

)−1
(yik −Cik x̂k) ∼ χ2

3,

is computed; (v) the Mahalanobis distance is compared with the 95% percentile
of the χ2 distribution with three degrees of freedom. An association is considered
valid if the distance is below the threshold, and the feature is considered a new
landmark if it is not. (vi) the pair is removed from the possible associations425
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Figure 2: A schematic of the construction of the initial covariance. Rm and RM are the
minimum and maximum range of the camera, α is the noise error, and σ2

i are the eigenvalues
of the new covariance.

and steps (iv) to (vi) are repeated until there are no features/landmarks left to
associate.

Given that the number of features detected by SURF can be very high,
and to avoid the size of the filter state getting prohibitively high, after the
association procedure only the associated bearings are directly used as obser-430

vations in the filter. All non-associated measurements are discarded as long
as the total number of valid bearings is greater than a predefined thresh-
old. If it is not, then the best new landmarks are added until the threshold
is passed. The next step is landmark initialization. The guaranteed conver-
gence of the filter frees the user from careful considerations on how to ini-435

tialize each landmark in the filter. A possible method is depicted in Figure
2, and includes the following steps: (i) define a minimum (Rm) and max-
imum range (RM ) for the camera; (ii) define a circle of error in the image
plane that is equivalent to a cone in 3-D space with an aperture angle of α
centered on the measured bearing; and (iii) approximate a Gaussian distri-440

bution to this volume using the ellipsoid corresponding to the 3σ uncertainty
bound, i.e., x̂Li(k0) := RM+Rm

2 bi(k0) and ΣLi(k0) := U(bi(k0)) diag((1
6 (RM −

Rm))2, ( 1
6‖x̂Li(k0)‖ sinα)2, ( 1

6‖x̂Li(k0)‖ sinα)2)U(bi(k0)T , where U(bi(k0)) is
the rotation matrix that aligns the ellipsoid with the bearing measurement. In
the particular implementation of the filter used in the experimental results of445

the next section, the above method was used with the detail that the center
of the ellipsoid was placed in a random point in the line defined by bi(k0), to
better showcase the convergence of the algorithm.

4.3. Map maintenance

Even though the association process is designed to try to reduce the number450

of landmarks in the state, the process employed is rather näıve. Furthermore,
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it favours the inclusion of spurious measurements, when the non-associated fea-
tures are inserted in the filter. This can lead to a very large state with a great
number of spurious features. To deal with this issue, a simple test was im-
plemented to check whether a landmark is spurious or not, depending on two455

counters: (i) a visibility counter that is increased each time a landmark is
associated with a new measurement; and (ii) a counter that is increased each
iteration that a landmark is not associated and reset every time it is, thus count-
ing the time without observations. When the second counter reaches Tmax and
the first counter is lower than Nmin, the landmark is considered spurious and460

discarded.

4.4. Complexity reduction

As mentioned previously, the size of the filter state can get very high very
fast which will eventually slow down the algorithm. As the filter operates in the
body-fixed frame, all the non-visible landmarks must be propagated in each step465

according to the motion of the vehicle, This can be very time consuming for too
large a state. This is in opposition to the traditional inertial SLAM approach,
where the prediction step is trivial (the landmarks are static) but the update
step is very computationally expensive as all landmarks (and their covariances)
need to be updated.470

Since the dynamics of each landmark (and its associated range state) are
independent of each other for observability purposes, it can be thought that that
independence will be apparent in the stochastic filtering setting. The following
result shows in which conditions that insight is correct.

Lemma 1. Consider the Kalman filter for the linear time-varying discrete sys-
tem (16). If the initial covariance Σ0 and the process covariance Ξk for all
k > 0 have the following structure

M =



ML1
· · · 0 ML1R1

· · · 0
...

. . .
...

...
. . .

...

0 · · · MLN 0 · · · MLNRN

MR1L1 · · · 0 MR1 · · · 0
...

. . .
...

...
. . .

...

0 · · · MRNLN 0 · · · MRN


. (19)

and the measurement covariance Θk is block-diagonal, then both the predicted475

covariance Σk+1|k and the updated covariance Σk|k maintain the structure in
(19) for all k > 0.

Proof. The proof is focused in showing that at a given instant k > 0 the up-
date and predict steps of the Kalman filter do not change the structure of the
covariance if the covariance at k − 1 already had the structure of (19). It can480

be found in AppendixB.
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Using this result, if the model parameters Σ0, Θk, and Ξk are chosen ac-
cordingly it is possible to simplify the computations by exploiting the sparsity
of the covariance matrix, as only a few entries need to be computed, yielding,
for all i ∈M, 

ΣLik+1|k = RT
k+1RkΣLik|kR

T
kRk+1 + ΞLik+1|k

ΣRik+1|k = ΣRik|k + ΞRik+1|k

ΣRiLjk+1|k
= ΣRiLjk|k

RT
kRk+1 + ΞRiLjk+1|k

.

If it is necessary to include more cross-covariance terms, for example, the struc-
ture

Σ̂k+1|k =


ΣL1k+1|k · · · 0

...
. . .

...

0 · · · ΣLNk+1|k

ΣLRk+1|k

ΣRLk+1|k ΣRk+1|k


can still be assumed for the propagated covariance. Due to the presence of the
noisy linear velocity in the dynamics for all the landmarks, there should exist
cross-covariance terms in Ξk. However, it is argued that sacrificing the exact-
ness of the model allows the computation time to decrease greatly, given that485

the prediction step is the greatest contributor for the computational cost. This
behaviour becomes more apparent especially for large maps, such as the one
presented in the following section. In this particular unoptimized implementa-
tion, designed to demonstrate experimentally the performance and convergence
properties of the sensor-based BO-SLAM filter, the algorithm scales with N2.490

5. Experimental results

The theoretical results presented in Section 3 lead to the design of a BO-
SLAM filter implemented as described in the previous section. This algorithm
was tested with real data from datasets acquired by the Rawseeds Project [33,
34]. This section covers the relevant details of the dataset used and presents the495

results of the experiments, while also providing a discussion of the latter.

5.1. Rawseeds dataset

From the available datasets in the Rawseeds project, for the purpose of
validating the proposed algorithm, an indoors dataset with natural lighting and
no purposed dynamic objects, named Bicocca 2009-02-25b, was chosen. In500

this dataset, the traversed path of 774 m includes several small loops, aside
from the main loop which is covered by the robot in 29 minutes. The top view
of the schematic of the area and the sketched trajectory can be found in Figure
3 along with pictures of several regions in the area illustrating some of the
difficulties in visual navigation, namely corridors without many distinguishable505

features, very dark places, very bright places, within others.
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(a) A schematic of the top
view of the area travelled by
the robot in the dataset.

(b) The robot
used in the
experiments.

(c) The interior of the university library (the
building on the right).

(d) A typical corridor. (e) A very bright elevator lobby.

(f) Another typical corridor with clear repeti-
tion of features.

(g) One of the two very dark corridors between
the two buildings.

Figure 3: Information on the dataset. Schematic of the area and the trajectory, the robot
used in the experiments and examples of places visited by the robot.
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Figure 4: Inertial measurement unit and odometry-based angular velocities error evolution.

The robot used as a data acquisition platform for the dataset, depicted in
Figure 3(b), is equipped with a very complete sensor suite, comprising 3 Videre
Design black and white cameras in a forward-looking trinocular configuration, a
Prosilica camera with an hyperbolic mirror to achieve omni-directional vision, a510

SONAR belt, an Unibrain low-cost camera, a Maxbotix SONAR belt, an Xsense
inertial measurement unit (IMU), two double laser range finder configurations
to cover the front and rear of the vehicle with both a cheaper solution by Hokuyo
and a long range one by Sick, and wheel encoders for odometry. Aside from the
various streams of data provided by the sensors on board the robot, the dataset515

also provides ground truth from a system based on industrial cameras, visual
tags mounted on the robot, and ad hoc software in select parts of the trajectory.
This ground truth is complemented by what is called extended ground truth,
available for all the trajectory, which is computed using scan matching from the
laser scanners in the robot.520

The BO-SLAM algorithm herein proposed uses only directions, linear, and
angular velocities, therefore only one of these cameras, odometry and the iner-
tial measurement unit are necessary. It is possible to obtain the angular velocity
(or angular displacements) from both the wheel encoders and the inertial mea-
surement unit, and therefore it is necessary to decide which of the sources to525

use. For that purpose, the difference between both angular velocities and the
one derived from the extended ground truth was analysed. As can be seen in
Figure 4, even though the error has zero mean, it reaches consistently very high
levels, with standard deviations of 1.398◦/s (IMU) and 2.087◦/s (odometry). This
results in a very distorted trajectory, when dead-reckoning the body-fixed linear530

velocity provided by the odometry and either angular velocities. Bearing-only
(and range-only) SLAM algorithms rely greatly on the quality of the measure-
ments that drive them, in this case the linear and angular velocities. This is
particularly relevant when the field of view of the camera is limited to a region
in the front of the vehicle, because, when turning, the camera will quickly lose535

track of features that help correct motion information. The available benchmark
solution to monocular SLAM provided in the dataset [50], based on the algo-
rithms in [11] and [51] shows precisely both how the monocular camera filtering
results can be poor, due to the limited field-of-view and the large distance, and
how the odometry is extremely deficient in turns. For these reasons, the authors540
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decided to use an artificial measurement of angular velocity, taking the measure-
ment provided by the scan matching procedure and adding artificial noise with
a realistic standard deviation of 0.15◦/s – obtained from the data in the exper-
iments detailed by the authors in [28] and [38]. This noise level can easily be
found nowadays in off-the-shelf IMUs like the Microstrain 3DM-GX3-25.545

5.2. The algorithm at work

The bearing-only SLAM algorithm herein presented is a sensor-based filter,
and, as such, its main product is the landmark map in the body-fixed frame.
Furthermore, in the experiments to be detailed, these landmarks are naturally
extracted from the environment and not artificially placed in predefined position.550

Therefore, there is not a clear ground truth to validate directly the results of
the sensor-based algorithm, and the map can only be evaluated quantitatively
through the architectural drawings of the area. For that purpose, consider
Figure 5. There is depicted the estimated map, in black, with the architectural
drawings in the background. From this comparison, it can be seen that the555

resulting map clearly fits the architectural drawings, and, shows the convergence
of the landmark state which was, as explained throughout the paper, initialized
without any special care. Even though some landmarks are too far away for not
having had enough time to converge, either because they were only observed too
few frames or because the association process did not recognize them, they help560

demonstrate the convergence, as they contrast with the other landmarks that
fulfilled all the requirements for convergence. It is also interesting to remark that
both corridors that connect the two buildings have more dispersed landmarks
that the rest of the building. This may be due to the fact that both corridors are
very dark and that mostly only distant lights from the neighbouring buildings565

are detected as landmarks (see Figure 3(g)). Furthermore, the bottom corridor
that connects the two buildings has fewer (and more dispersed) landmarks than
the top one, which can be explained by the fact that the robot circulates around
the bottom left part of the library facing the corridor twice, and falsely loop-
closed landmarks from the area of the corridor are re-estimated as being part570

of the building, thus moving away from the corridor. To further validate the
performance of the filter, even if indirectly, the sensor-based map produced by
the Kalman filter was used to obtain the pose of the vehicle, through the Earth-
fixed trajectory and map (ETM) estimation procedure also used in [28]. The
result of this methodology is depicted in blue in Figure 6, along with extended575

ground truth in yellow and the dead-reckoned odometry path in red. This shows
that the sensor-based map in conjunction with the ETM procedure is able to
partially correct the error introduced by the odometry, its norm being kept under
1 meter for most of the run. Note that these results do not represent directly
the performance of the sensor-based BO-SLAM filter proposed in this paper,580

but do help on its evaluation. Finally, the spatial evolution of a selected set of
landmarks rotated to the Earth-fixed frame using the ground truth is shown in
Figure 7. This enables to better visualize the convergence of the filter and effects
of repeated sightings. Each small blob represents the sampled history (every 20
seconds) of a landmark, from very light colours (old) to stronger (more recent).585
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Figure 5: The estimated map at the end of the experiment, along with the dead-reckoned
path and extended ground-truth.

With this figure it is possible to evaluate the dispersion of the estimates through
time and space, and assess zones where convergence was slower or erroneous
associations were made. For instance, the corridor at around Y = 25 m shows
a blur of grey that is due to the landmarks therein slowly converging to their
final positions.590

In a sensor-based approach, all the processes exogenous to the filter, that
build upon its results or upon which the filter relies, can avoid the inherent
nonlinearity that stems from the transformation of the naturally body-fixed
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Figure 6: The estimated path at the end of the experiment, along with the dead-reckoned
path and extended ground-truth.

measurements to an inertial frame. For example, by performing landmark asso-
ciation, loop-closing, control, and decision procedures in the sensor-based frame,595

it is possible to reduce the effects of nonlinearities in the consistency of the fil-
ter. Consistency is a very important aspect of any estimation algorithm, and
simultaneous localization and mapping is not an exception. This can be eval-
uated by checking how the uncertainty indicated by the algorithm compares
to the actual estimation error. When this approach cannot be pursued, there600

are other ways to evaluate it. One of the best measures of the consistency and
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Figure 7: The estimated map throughout the whole of the experiment, with the spatial
evolution of each landmark shown in intervals of 20 seconds.

validity of a SLAM algorithm is the way it handles loop closures, i.e., if it does
recognize previously visited places. The algorithm proposed in this filter does
not include a specially tailored loop closing procedure, even though one of the
many existent in the literature that avail themselves of other techniques such605

as place recognition from images can be applied on top of the proposed BO-
SLAM filter. In this case, loop closures will occur naturally from association
of new observations with old landmarks that fit the association criteria. Even
though association/loop closing is based on the image descriptors, the search
for associations is limited to the field-of-view predicted by the BO-SLAM filter610

as explained in Section 4.2. Furthermore, the decision to associate or add a new
landmark depends on the Mahalanobis distance of the measurement. Hence,
the loop closings depend both on image and filter information. Loop closures
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Figure 8: Algorithm performance statistics.

can be clearly observed when there is a sharp reduction of the uncertainty of
a landmark after some time increasing. For the purpose of providing a better615

visualization of this process and its results, the landmarks re-observed after a
long time, henceforth denoted as loop-closed landmarks, were bundled in slots
of 50 seconds as shown in Figure 8(a). The number of loop-closed landmarks
is very large around the 600-800 seconds mark, which corresponds to the time
when the robot revisits the bottom part of the building in the right side of the620

map. Then there are peaks around the 1000 – the robot revisits the top left
corner of the right-side building, 1400 – the robot revisits the starting place,
and 1600 seconds marks – the robot revisits the leftmost corridor of the map.
Details about all these can be seen in Figures 9 and 10. The maps in both fig-
ures depict the maps at the end of each of the chosen time slots, along with the625

loop-closed landmarks highlighted in red. The pose of the robot at the start of
the time slot is represented by the green solid circle, and the yellow circle stands
for the pose of the robot at the end of the time slot. In Figure 9 frames of the
camera stream used in the filter are also presented. The bottom ones are the
frames which contain the most loop-closed landmarks of the corresponding time630

slot, and the top ones are the frames where more of the loop-closed landmarks
were observed the first time. The red circles represent detected features, the
green circles mark the features selected for the filter, and the blue circles depict
the features that were associated with existing landmarks. The evenly dotted
circles represent loop-closed landmarks in the actual frame, and the other dotted635
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Figure 9: At the top: loop-closed landmarks in the first loop closing peaks of Figure 8(a),
with loop-closed landmarks highlighted in red. The middle and bottom pictures are frames of
the camera stream with detected (red), selected (green) and associated (blue) features. The
bottom one contains the most loop-closed landmarks of the corresponding time slot and the
top one shows the one where more loop-closed landmarks where first observed.
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Figure 10: Maps corresponding to loop closing peaks in Figure 8(a), with loop-closed land-
marks highlighted in red.

circles show landmarks that closed a loop sometime in the run, not exactly in
this frame. The vertical line in each feature indicates the sign of the laplacian.
It can be seen that, even though the loop closing is not based directly on visual
place recognition, the algorithm is able to discern whether a block of features in
different frames come in fact from the same place, thus demonstrating the good640

performance of the algorithm, as well as its consistency.
Another measure of the consistency of a SLAM algorithm is the normalized

innovation squared (NIS) value for each set of associations, given by the joint
Mahalanobis distance of the observation. This value is employed as an associa-
tion index, and is known to follow a chi-squared distribution with 3 degrees of645

freedom for 3-D measurements. It is compared to the 95% percentile threshold
to determine if an association is valid or not. In Figure 8(b), the average and
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maximum NIS values are also normalized with the value corresponding to the
95% percentile. It is observed that although the maximum values approach the
threshold, the average association is well below it, indicating that the landmark650

associations and the overall sensor-based algorithm are consistent. A clear ex-
ception to this behaviour is observed in the situations where more loop closings
occur, which makes sense as the uncertainty of older landmarks is larger, and
the influence of the drift of the odometry sensors is also more felt than when
associating with newer landmarks.655

5.3. Simulated results and analysis

In order to allow a better understanding of some of the properties of the
algorithm, a simulated environment was devised and several simulations were
performed. This environment emulates the fifth floor of the North Tower at
IST [32], and consists of a 16 by 16 by 3 m closed corridor. 36 landmarks were660

put in notable places such as corners and doors. The vehicle starts stopped
at the ground, and after taking off makes several laps around the corridor. It
completes a loop of 55 m in 124 seconds, and the total trajectory is 5 loops
at 0.440 m/s of average speed. The field of view of the vehicle was limited to
90◦horizontally and vertically with a range of up to 20 m. Furthermore, the665

effect of walls was taken into account. This means that the landmarks are only
visible during a limited period of time in each loop. The bearing measurements
are obtained by rotating the true bearing about random vectors of a random
zero-mean angle with Gaussian distribution with standard deviation of 1◦. The
remaining measurements are corrupted with additive zero mean white noise.670

The standard deviation of the noise corrupting the linear velocity is 0.01 m/s,
and that of the angular velocity is 0.15◦/s. All measurements are obtained at 20
Hz.

Figure 11 condenses the results of a typical run. At the top left, Figure
11(a) shows the mapped landmarks with their 3σ uncertainty ellipsoids and675

the trajectory of the vehicle in blue. The landmarks that were currently being
observed in that instant are depicted in red and the rest are depicted in purple.
One selected landmark is shown in green, and the time evolution of its estimates
is shown in detail in Figure 11(c). There the estimation error is shown in blue
for each coordinate and the Kalman filter uncertainty bounds are depicted in680

red. To enable a better understanding of the behaviour of the convergence
observed therein, the intervals where the landmark was observed are shown in
vertical yellow strips. As expected, the estimates converge quite fast when the
landmark is first observed and then the uncertainty grows with the motion of the
vehicle away from the landmark, converging again at a new sighting. Finally,685

Figure 11(b) shows the convergence of the norm of the estimation error for all
landmarks. At the right top of that figure a detail of the first 20 seconds is
depicted. It can be seen that, as predicted by the theoretical results, even when
initial estimate is far off (up to 8 meters of error), the error converges quite fast,
depending on how much time each landmark was observed. The simulation690

results detailed above confirm the theoretical results of the paper and provide
quantitative data for its evaluation, but do not allow a thorough understanding
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(a) 3-D map.
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Figure 11: Results of a typical simulation.

of the performance of the algorithm in the presence of different input noise
levels. For that reason, and to illustrate how the algorithm deals with noise
levels such as the ones in Figure 4, a series of trials were run with varying levels695

of noise. The results are depicted in Figure 12, where the distribution of the
estimation error for 10 different noise levels is presented. The top figures show
the distribution of the average landmark estimation error for all coordinates
after initial convergence, and the bottom figures show the distribution of the
standard deviation. In each column, one type of input noise was varied, while700

the others were kept constant. For both, the bearing measurement noise is the
same as in Figure 11. For Figure 12(a) the standard deviation of the noise in
the linear velocity measurements was increased from 0 to 0.9 m/s while the
standard deviation of angular rate noise was constant at 0.15◦/s, and for Figure
12(b) the standard deviation of the noise in the angular velocity measurements705

was increased from 0 to 1.8 ◦/s while the standard deviation of linear velocity
noise was constant at 0.01 m/s. These figures show the impact of the noise on the
estimation error, and how differently noise in the linear and angular velocities
affects the estimates. In fact, the filter deals quite well with large levels of noise
in the angular rates, and is much more sensitive to very high levels of noise in710

the linear velocity measurements. However, the average error for each landmark
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(a) Varying noise levels in linear velocity
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(b) Varying noise levels in angular velocity

Figure 12: Sensitivity of the estimation error with respect to noise in the linear velocity and
angular velocity measurements. The red horizontal lines represent the median, the blue boxes
delimits the 25th and 75th percentiles, the black whiskers are extended at 2.7σ, and the red
crosses are all the individual occurrences beyond that bound. On the left, angular velocity
noise standard deviation is fixed at 0.15◦/s, and on the right the linear velocity noise standard
deviation is fixed at 0.01 m/s.

coordinate is kept within 1 meter for both cases, and the standard deviation is
mostly contained below 2 meters. Note that the parameters of the filter were
not adjusted to each noise level, which indicates that these results could, in
theory, be better.715

The observability results of Section 3 provide insight that should be taken
into account when designing experiments. Even though that was not the case
here, the observability conditions seem to be fulfilled for the most part of the
landmarks, as they converge to recognizable positions. For that reason, these ex-
perimental results accompanied by an analysis in simulation served the purpose720

of demonstrating the capabilities of the sensor-based BO-SLAM filter herein
proposed both in terms of performance and consistency.

6. Conclusions and future work

A novel sensor-based globally exponentially stable filter for bearing-only si-
multaneous localization and mapping was proposed in this paper. The design725

of a linear time-varying system that mimics the dynamics of the underlying
nonlinear system was facilitated by the use of a state augmentation and a sim-
ple output transformation on a nonlinear system, while disposing of non-visible
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landmarks. A thorough and constructive observability analysis was performed,
leading to the establishment of physically-grounded necessary and sufficient con-730

ditions for observability, stability and convergence of the Kalman filter that
followed, as well as conditions for the observability of the underlying nonlin-
ear system. These conditions are interesting for trajectory design or motion
planning. The sensor-based BO-SLAM filter was prepared for practical imple-
mentation with a camera as the only exteroceptor, and thus the theoretical735

work which is the main focus of this paper was validated through experimental
results based on a widely available dataset, that allowed to expose the good
performance of the algorithm, as well as its consistency in an indoor environ-
ment with a large loop. These experimental results also helped to confirm the
convergence of the error dynamics of the Kalman filter for LTV systems, as740

predicted by the theoretical results herein presented.
With respect to future work, the authors identify one main course of action,

consisting of the optimization of the implementation for real-time, which is of
paramount importance for achieving a truly online filter that can be used with
autonomous ground or aerial vehicles.745

AppendixA. Proof of Theorem 4

As was done in the proof of Theorem 1, the transformed system (7) will be
used to simplify the analysis, and the obtained results can be applied to the
system (6).

A pair (A(t,y(t)),C(t)) is uniformly completely observable if and only if
there exist positive constants δ and α such that for all t ≥ t0 and for all unit
vectors c the quadratic form cTW(t, t+ δ)c is greater than or equal to α, i.e.,
if and only if

∃
δ > 0
α > 0

∀
t≥t0

∀
c ∈ Rnz
‖c‖ = 1

: cTW(t, t+ δ)c ≥ α, (A.1)

meaning that, in contrast with the observability definition used in Theorem
1, the Gramian must have uniform bounds at all times. The proof follows by
exhaustion, by analysing the quadratic form in the previous expression for all
the possible cases of unit vectors c for all time. [52, Proposition 4.2] is helpful
in that analysis. It states that, given a vector function g(τ, t0) if it is possible to

find a positive constant β such that ‖ ∂
i

∂τ ig(τ, t0)‖ > β then there exists a γ > 0

such that ‖g(t0, t0 + δ)‖ > γ as long as ∂j

∂τj g(τ, t0)|τ=t0 = 0 for all j < i and
the norm of the i+ 1-th derivative is upper bounded. This proposition applies
to the quadratic form in study, and therefore it suffices to show that the norm
of f(τ, t), given by

‖f(τ, t)‖2 =
∥∥cp − Eb1(τ)cr

∥∥2 (A.2)

is lower bounded uniformly in time by some α∗ > 0 at some time τ ∈ Tδ for all
the possible cases of unit vectors c. It is necessary to address ‖f(τ, t)‖ differently
depending on cp and cr. For the case where ‖cp‖ ≥ αp and |cr| < αr for some
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positive constants αp < 1 and αr < 1, (A.2) can be simplified at τ = t to yield

‖f(t, t)‖2 ≥ ‖cp‖ (‖cp‖ − 2|cr|)
≥ αp(αp − 2αr).

If αp is chosen so that αp ≥ 4αr, this becomes

‖f(t, t)‖2 ≥
α2
p

2
.

For the next case, where |cr| ≥ αr and 0 < ‖cp‖ < 1, the condition (15) of the
theorem will be necessary. Consider the norm of f(τ, t) once more evaluated at
τ = t,

‖f(t, t)‖2 ≥
∥∥∥∥cp − Eb1(t1)cr +

∫ t1

t

Eḃ1(τ)dτ cr

∥∥∥∥2
≥
∥∥∥∥∫ t1

t

Eḃ1(τ)dτ cr

∥∥∥∥2
− 2

∥∥cp − Eb1(t1)cr
∥∥∥∥∥∥∫ t1

t

Eḃ1(τ)dτ cr

∥∥∥∥
≥αbαr

(
αbαr − 2

∥∥cp − Eb1(t1)cr
∥∥) .

If ‖cp − Eb1(t1)cr‖ < α1 with α1 <
1
4αbαr this becomes

‖f(t, t)‖2 > α2
bα

2
r

2
.

If, on the other hand, ‖cp − Eb1(t1)cr‖ is lower bounded by α1, then

‖f(t1, t)‖2 ≥ α2
1.

This concludes the enumeration of all the possible cases. Positive lower bounds750

were found for ‖f(τ, t)‖ on different instants of Tδ depending on the case, which,
using [52, Proposition 4.2] implies that the integral in (9) is in fact lower bounded
for unit vectors c, and hence (A.1) is true. Thus, the pair (A(t),C(t)) is uni-
formly completely observable, and, as its associated system is related to system
(6) through a Lyapunov transformation, the pair (A(t),C(t)) is also uniformly755

completely observable, thus concluding the proof of the sufficiency part of the
theorem.

The proof of the necessity part of the theorem follows by contraposition.
The objective is to negate the conditions of the theorem, and show that under
that hypothesis the pair (A(t),C(t)) is not uniformly completely observable.
For that purpose consider the negation of the condition of the theorem, given
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by

∀
δ > 0
β > 0

∃
t≥t0

∀
t1∈Tδ

:

∥∥∥∥∥∥
t1∫
t

Eḃ1(τ)dτ

∥∥∥∥∥∥ < β, (A.3)

and let us analyse cTW(t, t+ δ)c for a particular c.

cTW(t, t+ δ)c =

t+δ∫
t

∥∥cp−Eb1(τ)cr
∥∥2 dτ

=

t+δ∫
t

∥∥∥∥∥∥cp−
Eb1(t) +

τ∫
t

Eḃ1(σ)dσ

 cr

∥∥∥∥∥∥
2

dτ

Choosing cp = Eb1(t)cr and cr =
√
2
2 , it is possible to write

cTW(t, t+ δ)c =
1

2

t+δ∫
t

∥∥∥∥∥∥
τ∫
t

Eḃ1(σ)dσ

∥∥∥∥∥∥
2

dτ. (A.4)

Recall now the negation of the conditions of the theorem, (A.3). It is clear that
the norm therein is upper-bounded for any t1 between t and t + δ for a given
t ≥ t0. In particular, this is also true for t1 = τ , which means that there exists
a t ≥ t0 such that the norm in the integral in (A.4) is also upper-bounded, i.e.,

∀
δ > 0
ε > 0

∃
t≥t0

∃
c ∈ Rnz
‖c‖ = 1

: cTW(t, t+ δ)c <
β2δ

2
:= ε, (A.5)

where β =
√

2ε
δ . Therefore, when the conditions of the theorem do not hold,

it is possible to find a unit c, e.g. c =
[√

2
2
EbT1 (t)

√
2
2

]T
, such that (A.5)

is true, i.e., the pair (A(t),C(t)) is not uniformly completely observable. By760

contraposition, the conditions of the theorem are necessary for the uniform
complete observability of the system (6).

AppendixB. Proof of Lemma 1

Consider the update equation [47] for the covariance of the Kalman filter,
given by

Σk|k =
(
I −Σk|k−1C

T
Fk

Σνk
−1
)

Σk|k−1

where CFk is the discrete version of (5), and the innovation covariance Σνk is
given by

Σνk = CFkΣk|k−1C
T
Fk

+ Θk.
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Assume that Σk|k−1 has the structure in (19). In this case, if the measurement
covariance Θk is block diagonal, i.e., there are no cross-covariances between
landmark observations, it is a matter of tedious computation to arrive at

Σνkij =

Σ
k|k−1
Li

− bikΣ
k|k−1
RiLi

−
(
Σ
k|k−1
LiRi

− bikΣ
k|k−1
Ri

)
bTik + Θik , i = j

0, i 6= j

which means that the innovation covariance is also block-diagonal and its inverse
can be written as Σ−1νk = diag(Σ−1νk1

, . . . ,Σ−1νkNO
). Using this structure it is a

matter of computation to arrive at a covariance matrix with the structure in
(19), where the individual elements are

Σ
k|k
Li

= Σ
k|k−1
Li

−
(
Σ
k|k−1
Li

−Σ
k|k−1
LiRi

bTi

)
Σ−1νi

(
Σ
k|k−1
Li

−Σ
k|k−1
LiRi

bTi

)T
Σ
k|k
Ri

= Σ
k|k−1
Ri

−
(
Σ
k|k−1
RiLi

−Σ
k|k−1
Ri

bTi

)
Σ−1νi

(
Σ
k|k−1
RiLi

−Σ
k|k−1
Ri

bTi

)T
Σ
k|k
LiRi

= Σ
k|k−1
LiRi

−
(
Σ
k|k−1
Li

−Σ
k|k−1
LiRi

bTi

)
Σ−1νi

(
Σ
k|k−1
RiLi

−Σ
k|k−1
Ri

bTi

)T .

This shows that the structure is maintained by the update process of the Kalman
filter when applied to the system at hand. Recall the discrete dynamics matrix
FFk defined in (17). The predicted covariance for the instant k+1 is then given
by

Σk+1|k = Ξk+
RT
k+1RkΣ

k|k
L1

RT
kRk+1 0 RT

k+1RkΣ
k|k
L1R1

0

0 RT
k+1RkΣ

k|k
L2

RT
kRk+1 0 RT

k+1RkΣ
k|k
L2R2

Σ
k|k
R1L1

RT
kRk+1 0 Σ

k|k
R1

0

0 Σ
k|k
R2L2

RT
kRk+1 0 Σ

k|k
R2

 ,

where the number of landmarks was limited to 2 to avoid cluttering the reading.
Thus, using the final condition of the lemma, that requires the process covariance765

Ξk to have the same structure as (19), one complete step of the Kalman filter for
system (16) maintains throughout the update and predict stages the structure
of the covariance matrix if it was (19). Therefore, if the initial covariance of the
filter is set to have the structure in (19) and the conditions of the lemma hold,
then the filter covariance will maintain that structure for all time.770
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